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Abstract 



> 

In this paper, we construct a universal C*-algebraic quantum group out of an algebraic one. We show 
that this universal C*-algebraic quantum has the same rich structure as its reduced companion (see ||). 
This universal C*-algebraic quantum group also satisfies an upcoming definition of Masuda, Nakagami 
■ & Woronowicz except for the possible non- faithfulness of the left Haar weight. 

^ : Introduction. 

In 1979, Woronowicz proposed the use of the C*-algebra language in the field of quantum groups J32| . 
Since then, a lot of work has been done in this area but there is still no satisfactory definition of a 
quantum group in the C*-algebra framework. 
However, the following subjects are better understood: 

X" 

5^ ■ • compact & discrete quantum groups and their duality theory 

a i 

• some examples: quantum SU(2), quantum Heisenberg, quantum E{2), quantum Lorentz, duals of 
locally compact groups,... 

A good definition of a quantum group should satisfy the following requirements: 

• It should incorporate all the known examples and well understood parts of the theory. 

• There will have to be a good balance between the theory which can be extracted from the definition 
and the non complexity of the definition. 

• The definition has to allow a consistent duality theory. 

The most difficult part of finding a satisfactory axiom scheme for quantum groups seems to be the ability 
to prove the existence and uniqueness of a left Haar weight from the proposed definition. 
At the moment, Masuda, Nakagami and Woronowicz are working on a quasi-final definition of a quantum 
group in the C*-algebra framework (see also p5|). It is quasi-final in the sense that there is some hope to 
find simpler axioms which imply their current definition. Later, we will give a preview of this definition. 
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In |27|, A. Van Daele introduced the notion of Multiplier Hopf-algebras. They are natural generalizations 
of Hopf algebras to the case of non-unital algebras. Recently, A. Van Daele has looked into the case where 
such a Multiplier Hopf algebra possesses a non-zero left invariant functional (Haar functional) and found 
some very interesting properties | p3| . It should be noted that everything in this theory is of an algebraic 
nature. 

This category of Multiplier Hopf algebras with a Haar functional behaves very well in different ways: 

• This category includes the compact & discrete quantum groups. 

• It is possible to construct the dual within this category. 

• The category is closed under the double construction of Drinfcld (sec Q). 

The last and the first property imply that this category contains the Lorentz quantum group [ p"7[ . How- 
ever, this new category will not exhaust all quantum groups. It is not so difficult to find many classical 
groups which are not Multiplier Hopf algebras. Also, quantum E(2) will not fit in this scheme. Never- 
theless, we still have a nice class of algebraic quantum groups. 

In (9), we constructed a reduced C*-algebraic quantum group (in the sense of Masuda, Nakagmi & 
Woronowicz) out of a Multiplier Hopf *-algebra which possesses a positive left invariant functional. 
The main purpose of this paper is the construction of a universal C* -algebraic quantum group (in the 
sense of Masuda, Nakagmi & Woronowicz) out of such a Multiplier Hopf *-algebra. The resulting universal 
C*-algebraic quantum group fits into the definition of Masuda, Nakagali & Woronowicz except for the 
possible non-faithfulness of the left Haar weight. We will see that this universal C*-algebraic quantum 
group has the same rich structure as its reduced companion. In order to prove this, we use the results 
about the algebraic quantum group as well as the results about the reduced C*-algebraic quantum group. 

It will probably also be possible to construct some sort of universal quantum group out of an C*-algebraic 
quantum group according to Masuda, Nakagami & Woronowicz. We believe that this paper will give 
some ideas how to go around this in the general case. However, some algebraic arguments will have to 
be modified to analytical ones. 

In a first section, we wil give an overview of the results of A. Van Daele about such a Multiplier Hopf *- 
algebra (^4, A). In a second section, we recapitulate some results concerning the reduced C*-algebraic 
quantum group (A T1 A r ) arising from it. However, most of the results concerning this reduced C*-algebraic 
quantum group will be introduced when we need them. 

In the third section, we introduce the universal C*-algebra A u together with the universal comultiplication 
A u . From there on, we gradually prove that this pair (A u , A u ) almost in the scheme of Masuda, Nakagami 
& Woronowicz (except for the faithfulness of the left Haar weight and some minor detail) . 

In section [| we prove that every unitary corepresentation of the reduced quantum group (A r , A r ) is of 
an algebraic nature. The same is also true for the unitary corepresentations of the universal quantum 
group (A U ,A U ). 

The results of section |?] imply that there is a natural bijection between the unitary corepresentations 
of (A r ,A r ) and of (A U ,A U ). The same is true for bi-C*-isomorphisms on the reduced and universal 
quantum group (section || and |ll|) . 

In [^3|,A. Van Daele constructs the dual algebraic quantum group (A, A) of (A, A). We can in the same 
way get a universal C*-algebraic quantum group (A U ,A U ) out of (^4, A). 

In section [l^, we introduce the universal corepresentation of the universal quantum group (A u , A u ) and 
use it to get a bijective correspondence between unitary corepresentations of (A u , A u ) and non-degenerate 
*-homomorphisms on the universal C*-algebra A u . 
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Section |l4| fixes some notations about weights and gives a thorough overview of slice weights and is 
necessary to understand some of the results of this paper. 

The notations of this paper will be a little bit different from the ones in II . Mainly because we have two 
C*-algebraic quantum groups. As a rule, objects associated to the reduced C*-algebraic quantum group 
will get the subscript 'r', whereas objects associated to the universal C*-algebraic quantum group will 
get the subscript 'u'. Objects without a subscript will be connected to the algebraic quantum group. 

First, we introduce some notations and conventions. We will always use the minimal tensor product 
between C*-algebras and use the symbol ® for this complete tensor product. For any C*-algebra A, we 
denote the Multiplier C*-algebra by M(A). The flip map between two C*-algebras will be denoted by \- 
For the algebraic tensor products of vector spaces and linear mappings, we use the symbol 0. The 
algebraic dual of a vector space V will be denoted by V. 

Let H be a Hilbert space. Then B(H) will denote the C*-algebra of bounded operators on H, whereas 
Bq(H) will denote the C*-algebra of compact operators on H. Consider vectors v,w £ H, then u> v>w is 
the element in B Q (H)* such that ui VtW (x) — (xv,w) for all x £ B (H). 
The domain of an unbounded operator T on H is denoted by D(T). 

The domain of an element a which is affiliated with some C* , will be denoted by 2?(a) (we will use the 

same notation for closed mappings in a C* which arise from one-parameter groups). 

Whenever we say that an unbounded operator is positive, it is included that this operator is also selfad- 

joint. The same rules apply to elements affiliated with a C*-algebra. Let a be an element affiliated with 

a C* A, then a is called strictly positive if a is positive and has dense range (it is then automatically 

injective). 

A one-parameter group a on a C* A is called norm-continuous if and only if for every a £ A, the mapping 
R — > A : t i— » ot(a) is norm-continuous. 

For a very readable introduction to Hilbcrt-C*-modules, we refer to |H. Let E and F be two Hilbert- 
C*-modules over a C*-algebra A. Then the set of adjointable mappings from E into F will be denoted 
by C(E, F) whereas the set of compact operators from E into F will be denoted by fC(E, F). 
For the notion of regular operators between to Hilbcrt-C*-modules, we refer to [Q. 

As promised, we give now a preview of the definition of a C*-algebraic quantum group according to 
Masuda, Nakagami & Woronowicz: 

Let B be a C*-algebra and A a non-degenerate *-homomorphism from B into M(B ® B) such that 

1. A is coassociative, i. e. (A ® t)A = (i <g> A)A. 

2. A satisfies the following density conditions: A(B)(B ® 1) and A(B)(1 <g> B) are dense subsets of 
B ® B. 

Furthermore, we assume the existence of the following objects: 

1. a KMS- weight <p on B with modular group cr, 

2. a norm continuous one parameter group t on B, 

3. an involutive *-anti-automorphism R on J3, 
which satisfy the following properties: 

1. For every a £ M v , we have that A(a) belongs to M L ® V and (t (g> ip)A(a) = <p(a)l. 
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2. Consider a, b £ J\f v . Let we B* such that ujRt_± is bounded and call the unique element in B* 
which extends loRt_±. Then 

2 

ip(b* (u ® t)A(a) ) = p((0®fc)(A(&*))a) . 

3. • is invariant under r. 

• 99 commutes with c/?i?. 

4. • For every t € R, we have that i?Tt = Tt-R. 

• We have that Ar t = (r t ® r t )A for all ieR. 

• AR = x(R®R)& 

Then, we call (£?, A, r, R) a C*-algebraic quantum group. 

We call f the left Haar weight, R the anti- unitary antipode and r the scaling group of our quantum 

group. We put k = Rt_^ , then k plays the role of the antipode of our quantum group. 

This definition seems to be a C*-version of a definition of a quantum group in the von Neumann algebra 

setting (see fL5f), which in turn was a generalization of the (too restrictive) definition of a Kac-algebra 

(see ||). We are not sure that this will be the ultimate definition of a C*-algebraic quantum group 

proposed by Masuda, Nakagami & Woronowicz, but we expect that this one gives a fairly good idea of 

it. 

A possible drawback of this definition is the complexity of the axioms. However, we will show that the 
C*-algebraic versions of Van Daele's algebraic objects fit almost in this scheme. The only difference lies 
in the fact that we only can prove that tp is relatively invariant with respect to r in stead of invariant. 
It is not clear at the moment whether this definition of Masuda, Nakagami & Woronowicz should be 
modified in this respect. 



1 Algebraic quantum groups 

In this first section, we will introduce the notion of an algebraic quantum group as can be found in [p3| . 
Moreover, we will give an overview of the properties of this algebraic quantum group. The proofs of these 
results can be found in the same paper p3)j . After this section, we will construct a universal C*-algebraic 
quantum group out of this algebraic one, thereby heavily depending on the material gathered in this 
section and || . We will first introduce some terminology. 

We call a *-algebra A non-degenerate if and only if we have for every a G A that : 

(V6 S A : ab = 0) a = and (V6 G A : ba = 0) =>■ a = 0. 

For a non-degenerate *-algebra A, you can define the multiplier algebra M(A). This is a unital *-algebra 
in which A sits as a selfadjoint ideal (the definition of this multiplier algebra is the same as in the case 
of C*-algebras). 

If you have two non-degenerate *-algebras A, B and a multiplicative linear mapping 7r from A to M(B), 
we call 7r non-degenerate if and only if the vector spaces n(A)B and Bir(A) are equal to B. Such a non- 
degenerate multiplicative linear map has a unique multiplicative linear extension to M(A). This extension 
will be denoted by the same symbol as the original mapping. Of course, we have similar definitions and 
results for antimultiplicative mappings. If we work in an algebraic setting, we will always use this form 
of non-degeneracy as opposed to the non degeneracy of *-homomorphisms between C*-algebras! 

For a linear functional ui on a non-degenerate *-algebra A and any a £ M(A) we define the linear 
functionals wa and auj on A such that (au>)(x) = uj(xa) and (u>a)(x) = uj{ax) for every iei. 
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You can find some more information about non-degenerate algebras in the appendix of |27| . 

Let w be a linear functional on a *-algebra A, then : 

1. lj is called positive if and only if Lj{a*a) is positive for every a E A. 

2. If lo is positive, then lj is called faithful if and only if for every a 6 A, we have that 

uj(a*a) = => a = 0. 

We have now gathered the necessary information to understand the following definition 

Definition 1.1 Consider a non-degenerate "-algebra A and a non- degenerate * -homomorphism A from 
A into M (A A) such that 

1. (A t)A = (l A)A. 

2. The linear mappings T\, T 2 from A A into M(AQ A) such that 

Tx(a®b) = A(a)(6®l) and T 2 (a b) = A(a)(l b) 

for all a,b £ A, are bisections from A A to A A. 
Then we call (A, A) a Multiplier Hopf* -algebra. 

In [ p7| , A. Van Daele proves the existence of a unique non-zero * -homomorphism e from A to C such that 

(e©t)A = (i0e)A = l . 

Furthermore, he proves the existence of a unique anti-automorphism S on A such that 

m(SQ t)(A(o)(l ® b)) = e(a)b and m(i 5) ((6 l)A(a)) = s(a)b 

for every a, 6 6 A (here, m denotes the multiplication map from A A to A). As usual, e is called the 
counit and S the antipode of (A, A). Moreover, S(S(a*)*) = a for all seA Also, x(«S 5)A = AS. 

Let be a linear functional on A an a an element in A. We define the element (u> t)A(a) in M(A) such 
that 

• (w t)(A(a)) d=(w0 t)(A(o)(l 6)) 

• b (w t)( A ( a )) = (w0 ® & ) A (°)) 
for every 6 e A 

In a similar way, the multiplier (l w)A(a) is defined. 

Let w be a linear functional on A. We call u> left invariant (with respect to (A, A)), if and only if 
(t oj)A(a) = a; (a) 1 for every a € A. Right invariance is defined in a similar way. 

Definition 1.2 Consider a Multiplier Hopf* -algebra (A, A) such that there exists a non-zero positive 
linear functional ip on A which is left invariant. Then we call (A, A) an algebraic quantum group. 

For the rest of this paper, we will fix an algebraic quantum group (^4, A) together with a non-zero left 
invariant positive linear functional ip on it. 

An important feature of such an algebraic quantum group is the faithfulness and uniqueness of left 
invariant functionals : 
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1. Consider a left invariant linear functional lo on A, then there exists a unique element c G C such 
that u> = ctp. 

2. Consider a non-zero left invariant linear functional u on A, then to is faithful. 
In particular, tp is faithful. 

A first application of this uniqueness result concerns the antipode : Because tpS 2 is left invariant, there 
exists a unique complex number p such that tpS 2 — p,tp (in p3| , our p is denoted by r!). It is not so 
difficult to prove in an algebraic way that \fi\ = 1. The question remains open if there exists an example 
of an algebraic quantum group (in our sense) with p, ^ 1. 

It is clear that tpS is a non-zero right invariant linear functional on A. However, in general, tpS will not 
be positive. In jj^j, we use the C*-algebra approach to prove the existence of a non-zero positive right 
invariant linear functional on A. 

Of course, we have similar faithfulness and uniqueness results about right invariant linear functionals. 
In this paper, we will need frequently the following formula : 

(4 ¥>)( (1 a)A(b) ) = 5( (t ¥>)(A(a)(l ® &)) ) (1) 

for all a, b G A. A proof of this result can be found in proposition 3.11 of [^3|. It is in fact nothing else 
but an algebraic form of the strong left invariance in the definition of Masuda, Nakagami & Woronowicz. 

Another non-trivial property about tp is the existence of a unique automorphism p on A such that 
tp(ab) — tp(bp(a)) for every a, b 6 A. We call this the weak KMS-property of tp (In p3|| , our mapping p is 
denoted by a\). 

This weak KMS-property is crucial to extend tp to a weight on the C* -algebra level. We have moreover 
that p(p(a*)*) = a for every a G A. 

As usual, there exists a similar object p' for the right invariant functional tpS, i.e. p' is an automorphism 
on A such that (tpS)(ab) = (tpS)(bp'(a)) for every a, 6 G A. 

Using the antipode, we can connect p and p' via the formula Sp' = pS. Furthermore, we have that S 2 
commutes with p and p' . The interplay between p,p' and A is given by the following formulas : 

Ap= (S 2 Op) A and Ap' = (p 1 S~ 2 )A. 

It is also possible to introduce the modular function of our algebraic quantum group. This is an invertible 
element 5 in M(A) such that 

(<p©i)(A(a)(l®6)) = tp(a) 5b 

for every a, b G A. 

Concerning the right invariant functional, we have that 

(l tpS)(A(a)(b 1)) = (tpS)(a) b 

for every a, b G A. 

This modular function is, like in the classical group case, a one dimensional (generally unbounded) 
corepresentation of our algebraic quantum group : 

A(S) = S®6 e(S) = l S{5) = 6- 1 . 

As in the classical case, we can relate the left invariant functional to our right invariant functional via 
the modular function : we have for every a G A that 

ip(S(a)) — tp(ad) — jj,tp(5a). 
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If we apply this equality two times and use the fact that S(6) =5 1 , we get that ip(S 2 (a)) = tp(8 1 a6) 
for every a £ A. 

Not surprisingly, we have also that p{5) = p'(S) = /i -1 <5. 

Another connection between p and p' is given by the equality p'(a) = (5p(a)<5 _1 for all a G A. 

We have also a property which says, loosely speaking, that every element of A has compact support : 
Consider a\,...,a n G A. Then there exists an element c in A such that cai = a,iC = at for every 
% G {1,.. .,n}. 

In a last part, we are going to say something about duality. 
We define the subspace A of A' as follows : 

A = {tpa | a E A} = {aip \ a G A}. 

Like in the theory of Hopf *- algebras, we turn A into a non-degenerate "-algebra : 

1. For every u>x,L02 G A and a G A, we have that (ui\u>2){a) = {oj\ ©W2)(A(a)). 

2. For every uj £ A and a £ 4, we have that u*(a) — u>(S(a)*). 

We should remark that a little bit of care has to be taken by defining the product and the "-operation in 
this way. 

Also, a comultiplication A can be defined on A such that A(oj)(x y) = ui(xy) for every uj G A and 
x,y G A. 

Again, this has to be made more precise. This can be done by embedding M(AqA) into (AqA) 1 in the 
right way but we will not go into this subject (see for more information about this). A definition of 
the comultiplication A without the use of such an embedding can be found in definition 4.4 of p3]. 
In this way, (A, A) becomes a Multiplier Hopf *-algebra. The counit e and the antipode S are such that 

1. For every u> S A, we have that e(ui) — 

2. For every uj G A and every a £ A, we have that S(ui)(a) = cu(S(a)). 

For any a £ A, we define a = atp G A. The mapping A — > A : a i— > a is a bijection, which is in fact 
nothing else but the Fourier transform. 

Next, we define the linear functional ip on A such that ip(a) = e(a) for every a G A. It is possible to 
prove that ip is right invariant. 

Also, we have that ip(a*a) — ip(a*a) for every a G A. This implies that ip is a non-zero positive right 
invariant linear functional on A. 

From theorem 9.9 of |g, we know that (A, A) possesses a non-zero positive right invariant linear functional. 
In a similar way, this functional will give rise to a non-zero positive left invariant linear functional on A. 
This will imply that {A, A) is again an algebraic quantum group. 

In definition 6.5 of |0|, we introduced the universal corepresentation X of A (it was denoted by U in 
(ll)). This is an element of M (A A) such that (A i){X) = X lz X 23 and (t A)(X) = X 12 X w . 
This element X serves as a bridge between unitary corepresentations of (A, A) and non-degenerate 
*-homomorphisms on A. 

Consider a unitary corepresentation U of (A, A) on a *-algebra C. Let wei' and a G A. 

By proposition 4.3 and result 5.9, we have an element (au> l)(U) in M(C) such that the following holds 
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1. We have for every c G C that U[a c) belongs to A C and (aui i){U) c = (u L)(U(a c)). 

2. We have for every c € C that (1 c) U{a 1) belongs to A C and 
c(aw0i)(«) = (w0/,)((l0c)W(a0l)). 

Notice that in this way, we defined (p l)(U) for every p 6 A. 

Proposition 1.3 Consider a non- degenerate * -algebra C. LetlA be a unitary corepresentation of {A, A) 
on C . Define the mapping 9 from A into M(C) such that 9{oj) = {oj l)(IA) for every oj G A. Then 9 
is a non-degenerate * -homomorphism from A into M(C) such that 9{auj) = (aoj l)(U) for every a E A 
and oj G A' . 



Theorem 1.4 Consider a non- degenerate * -algebra C . LetlA be a unitary corepresentation of (A, A) on 
C. Define the mapping 9 from A into M(C) such that 9{oj) = (oj i)(ti) for every oj G A. Then 9 is the 
unique non- degenerate * -homomorphism from A into M(C) such that (9 l){X) = U. 

We have also a converse of this : 

Theorem 1.5 Consider a non-degenerate * -algebra C . Let 9 be a non- degenerate * -homomorphism of 
A into M{C). Define IA — (l 9){X). Then IA is the unique unitary corepresentation of (A, A) on C 
satisfying 9(p) = (p l)(IA) for every p G A. 

2 The reduced C*-algebraic quantum group arising from (A, A) 

In ||, we constructed a reduced C*-algebraic quantum group (A r , A r ) in the sense of Masuda, Nakagami 
& Woronowicz out of the algebraic quantum group (A, A). The aim of this paper to construct the 
universal C*-algebraic quantum group out of {A, A). We will show that this resulting universal C*- 
algebraic quantum group has the same rich structure as its reduced companion. 

The proofs of the results about the universal case depend heavily on the results concerning the reduced 
case. Therefore we first recapitulate some results about the reduced C*-algebraic quantum group. This 
section gives an overview of the results of section 2 of 0) . 

For the rest of this paper, we fix a GNS-pair (H, A) of the left Haar functional <p on A. This means that 
If is a Hilbert space and A is a linear mapping from A into H such that 

1. The set A(A) is dense in H. 

2. We have for every a, b G A that (A(a), A(6)) = ip(b*a). 
As usual, we can associate a multiplicative unitary to {A, A) : 

Definition 2.1 We define W as the unique unitary element in B(H H) such that 

W (A A)(A(6)(a 1)) = A(a) A(b) for every a, b G A. The element W is called the fundamental 

unitary associated to (A, A). 

The coassociativity of A on the algebra level implies that W is multiplicative : W12W13W23 = WizW\i- 
The GNS-pair (H, A) allows us to represent A by bounded operators on H : 
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Definition 2.2 We define ~k t as the unique * -homomorphism from A into B(H) such that n r (a)A(b) = 
A(ab) for every a,b G A. We have also that ir r is infective. 

We would like to mention that 7r r is denoted by tt in ||, but we will reserve the symbol 7r for another 
object in this paper! 

Notice also that it is not immediate that ~n r (x) is a bounded operator on H (because ip is merely a 
functional, not a weight), but the boundedness of TT r (x) is connected with the following equality : 

We have for every a, b G A that 

7iy((i g> p)(A(6*)(l ® a))) = (i® w A(a) , A(6) )(W) (2) 
The mapping 7T r makes it possible to define our reduced C*-algebra : 

Definition 2.3 We define A r as the closure ofir r (A) in B(H). So A r is a non- degenerate sub- C* -algebra 
ofB(H). 

Equation || implies that 

A r = closure of { (t u)(W) \ lo G B (H)* } in B(H) . (3) 

As usual, we use the fundamental unitary to define a comultiplication on A r . We will denote it by A r 
(in ||, it is denoted by A). 

Definition 2.4 We define the mapping A r from A r into B(H ® H) such that A r (x) = W*(l <E> x)W for 
all x S A r . Then A r is an injective * -homomorphism. 

It is not so difficult to show that A r on the C*-algebra level is an extension of A on the "-algebra level : 

Result 2.5 We have for all a £ A and x £ A Q A that (ir r Tr r )(x) A r (7r r (a)) = (n r n r )(x A(a)) and 
A r (ir r (a)) (ir r Tr r )(x) = (ir r 7r r )(A(a) x). 

Using this result, it is easy to prove formulas like : 

A r (TT r (aj) (1 7r r (6)) = (ir r 7r r )(A(a)(l b)) 

for all a, b G A. 

Using the above results, it is not so hard to prove the following theorem : 

Theorem 2.6 We have that A r is a non- degenerate sub-C* -algebra of B{H) and A r is a non- degenerate 
injective * -homomorphism from A r into M(A r A r ) such that : 

1. (A r i)A r = (t A r )A r 

2. The vector spaces A r (A r ){A r 1) and A r (A r ){l A T ) are dense subspaces of A r A r . 
It is also possible to represent the dual multiplier Hopf *-algebra A on H . 

Remember from section [l] that we have a non-zero positive right invariant linear functional tp on A. We 
have moreover that i/j(b a) = ip(b*a) for all a, b G A. 

We define the linear map A from A into H such that A(a) = A(a) for every a G A. Then 
1. A-(A) is dense in H 
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2. (A(a),A(6)) = i/)(6*a) for every a,b £ A. 



The multiplicative unitary W can also be expressed in terms of A : 

Result 2.7 We have for every Wi, w 2 6 4 i/iat W (A(wi) © A(a> 2 )) = (A© A)(A(wi)(l © w 2 )) 

With this expression in hand, we can do the same things for the dual A as we did for A itself. 

Definition 2.8 We define the mapping tt t from A into B(H) such that TT r (uj)h(9) = A(u>9) for all 
lu,9 £ A. Then n r is an injective * -homomorphism. 

Furthermore, we have for every 9, r\ £ A that 

H W ,A(„) ® 0(W) = Kr($ © 0((»7* ® 1)A(^))). (4) 

Definition 2.9 We define A r as the closure ofk r {A) in B(H). So A r is a non- degenerate sub- C* -algebra 
ofB(H). 

Equation |] implies that 

A r = closure of { (w © l)(W) \ u> £ B Q (H)* } in B(H), 
which is again something familiar. 

Definition 2.10 We define the mapping A r from A r into B(H © H) such that A r (x) = W(x © 1)W* 
for all x £ A r . Then A r is an injective * -homomorphism. 

We will of course also have the following theorem. 

Theorem 2.11 We have that A r is a non-degenerate sub- C* -algebra ofB(H) and A r is a non-degenerate 
injective * -homomorphism from A r into M(A r © A r ) such that : 

1. (A r © t)A r = (i © A r )A r 

2. The vector spaces A r (A r )(A r © 1) and A r (A r )(l © A r ) are dense subspaces of A r © A r . 

Lemma 2.21 of || and definition 6.5 of |l^] imply the next proposition. 

Proposition 2.12 We have for every x £ A r A r that W (7r r TT r )(x) — (ir r ir r )(X x) 
and (7r r Tt r )(x) W = (ir r w r )(xX). 

Corollary 2.13 The element W belongs to M(A r © A r ). 

An important object associated to (A r ,A r ) is the left Haar weight on A r . It is determined by the 
following theorem (see ||, theorem 6.12, proposition 6.2 and the remarks after it) : 

Theorem 2.14 There exists a unique closed linear map A r from within A r into H such that TT r (A) is a 
core for A r and A r (7r r .(a)) = A(a) for every a £ A. 

There exists moreover a unique weight <p r on A r such that (H,k r ,i) is a GN r S- construction for tp r . 
We have also that it (A) C M Vv and that (p r (jT(a)) = f{a) for every a £ A. 
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Proposition 2.15 The weight Lp r is a faithful KMS-weight. We denote the modular group of tp r by o~ r . 



We denote the modular operator of (p r by V and the modular conjugation of ip r by J (both with respect 
to the GNS-representation (H,A r ,i) ). 

Put T = JV^. By the remarks after proposition 3.2 of |J, we know that A(A) is a core for T and that 
TA(a) = A (a*) for every a £ A. We have moreover that A(A) C D(T*) and that T*A(a) = A(p(a*)) for 
every a £ A. 

So A(A) C D(V) and VA(a) = A(p(a)) for every a e A. 

This implies for every element a G A that A(a) is analytic with respect to V and that V n A(a) = A(/?"(a)) 
for every neZ. 

The left invariance on the *-algebra level is then transferred to the left invariance on the C*-algebra level. 
For used notations, we refer to the appendix. 

Theorem 2.16 Consider x € A4 Vr , then A r (x) belongs to AA L ^ r and (t ip r )A r (x) — <f r {x) 1. 

For some more detailed information about the left invariance, we refer to section 6 o f || and fll2| . 
We will need the following natural formula for W . For notations, we refer to section 14.2 

Proposition 2.17 Consider a, b € Af Vr . Then A(b)(a 1) belongs to Af Vr ^ Vr and 
W(A r ® A r )(A(6)(o ® 1)) = A r (a) <g> A r (6). 

This proposition follows from the definition of and the definition of A r . We will give an explicit proof 
of a similar result in a later section (see proposition 10.20). 



3 The universal bi-C*-algebra 

In this section, we will introduce the universal enveloping C*-algebra of the *-algebra A and extend the 
comultiplication to this C*-algebra. In order to do so, we will need the following crucial lemma. 



Lemma 3.1 Consider a C* -algebra C and a sub-* -algebra B of M(C) such that BC is dense in C. Let 
<j) be a * -homomorphism from A into M(B) such that <p(A)B = B. 

Take lo £ A and define 9 to be the unique element in A* such that Qoix r = u). Then there exists a unique 
element T in M(C) such that 4>(u>) b = Tb and b<fi(u>) —bT for every b £ B. Furthermore, ||T|| < \\9\\. 



Remark 3.2 We should be careful with the terminology above. The *-algebra B has only an algebraic 
character and the mapping <fi is an algebraically non-degenerate *-homomorphism from A into M{B). 
This implies that (f>(u>) is an element of the algebraic multiplier *-algebra M(B). In general, there is no 
reason for 4>(oj) to be an element of M(C). Nevertheless, the previous lemma guarantees that this is true 
in this special case. 

Proof of the lemma : For the moment, consider 7r r as an algebraically non-degenerate * -homomorphism 
from A into TT r (A) and as an algebraically non-degenerate *-homomorphism from A into M{B) (The 
non-degeneracy of 7r r follows from the fact that A 2 — A). 

Then the remarks at the end of section |l] imply the existence of a unitary element V in the algebraic 
multiplier *-algebra M (A B) such that 4>{p) = (p © t)(V) for every p e A. Put V = (7r r t)(V), then 
V is a unitary element in the algebraic multiplier *-algebra M(ji r (A) B). 
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It is easy to see that 

([V(a 2 62)] (1 ® c 2 ))* ([P(ai &i)](l ci)) = (o 2 6 2 c 2 )* (fli 61 ci) 

for every ai, a 2 € 7T r (A), &i, 6 2 € -B, and ci, c 2 G C. Using the fact that n r (A) is dense in A r and the fact 
that BC is dense in C, this implies the existence of a unique unitary element Q G M(A r C) such that 

Q(a0 6c) = [P(a0 6)](l0c) 

for every a G ir r (A), b E B and c G C. 

This implies immediately that Q(a b) = Via b) for every a G w r (A) and 6 G B. 
Define T = (0 t)(Q), then T is an element in M(C) and ||T|| < ||0||. 

Because u> belongs to A, there exists a G A such that uj — auj. Because 9oir r = uj, this implies that 
= TT r (a)6. So we get for every b G B that 

Tb = [6®L)(Q)b = (Tr r (a)6®L)(Q)b = (6<g>L)(Q(ir r (a)®b)) 

= (9® i)(V(7r r (a) (g) 6)) = (0 t)(7?(7r P (a) ® 6)) 

= (0 0i)((7r r 0i)(V) (7r r (a) (8 6)) = (5 0t)((7r r 0t)(V(a®6))) 

= (w t)(V(a 6)) = (aw t)(V) 6 = (w t)(V) 6 = ^(w) 6 . 

Using the associativity in M(B) and M(C), we get from this result also that b<p(u>) = bT for every b E B. 



Result 3.3 Consider a C* -algebra C and a * -homomorphism (j) from A into M{C) such that <f>(A)C is 
dense in C . Let uj be an element in A and define 9 to be the unique element in A* such that 0o7r r = lu. 
Then \\<p(u)\\ < \\9\\. 

Proof : Put B = 4>(A). We have by assumption that BC is dense in C. It is also clear that <f> is a 
*-homomorphism from A into B. Because A 2 = A, we have that <f>{A)B = B. 

Therefore, the previous lemma implies the existence of a unique element T G M(C) such that ||T|| < ||0|| 
and Tb — <fi(cu) b for every b G B. Because BC is dense in C, this implies that T = <p(w). ■ 

This result implies the following one : 

Corollary 3.4 Consider a C* -algebra C and a * -homomorphism (f> from A into C. Let to be an element 
in A and define 9 to be the unique element in A* such that 0o7iy = uj. Then \\(f>(u>)\\ < \\9\\. 

As a consequence, we get the following boundedness property. 

Corollary 3.5 Consider uj G A. Then there exists a positive number M such that \\<fi(uj)\\ < M for every 
C* -algebra C and every * -homomorphism <fi from A into C . 



Another application of lemma 3.1 can be found in the following result : 

Result 3.6 Consider two C* -algebras C\, C 2 and * -homomorphisms <p\ from A into M(C\) and 2 from 
A into M(C 2 ) such that 4>\{A)C\ is dense in C\ and </> 2 (A)C 2 is dense in C 2 . 

Then there exists a unique * -homomorphism <j) from A into Af(Ci0C 2 ) such that 4>{u>) (</>i(wi)0(/> 2 (a; 2 )) = 
(</>i 0ifc)(A(u)(wi 0w 2 )) and (0i(wi) <8>0 2 (o; 2 )) (f>(w) = ((f>i 0^ 2 )((wi ©w 2 )A(w)) for every uj, u)\, u> 2 G A. 
We have moreover that <f>(A)(C\ C 2 ) is dense in C\ C 2 . 
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Proof : Define Bi = 0i(j4) and B 2 = <fo(A). Then Bi is a sub*-algebra of M{C\) such that B\C\ is 
dense in C\ and B2C2 is dense in C%. This implies that B\ B2 is a sub*-algebra of M(Ci C2) such 
that {B x S 2 )(Ci ® C2) is dense d C 2 . 

Consider 0fc as an algebraically non-degenerate *-homomorphism from A into B^ (k — 1,2) and define 
= (^1 02)A in the algebraic way. So is an algebraically non-degenerate *-homomorphism from A 
into M(Bi ®B 2 ). 



By lemma 3.1, there exists a unique mapping from A into M(C\ C2) such that <f>(oj)b = 4>{uj)b 
and b(j>(u>) — b<p(uj) for every b £ B\ Q B 2 . Because is a *-homomorphism, we get easily that is a 
* -homomorphism . 

We have also for every Wi , 0J2, u> S ^4 that 

0(w) (01 (wi) 02(a>2)) = 0(w) (01 (Wl) 02 (o> 2 )) 

= (0i 2 )(A(w)) (0i (wi) 2 (w 2 )) = (01 2 )(A(w)(o;i LU 2 )) . 
The other equality is proven in a similar way. 

From this, we get easily that <j>(A)(Bi B 2 ) = B\ B 2 which implies that 4>(A)(Ci C2) is dense in 
Ci0C 2 . ■ 



By duality, we get the following results : 

Proposition 3.7 Consider a G A. Then there exists a positive number M such that ||0(a)|| < M for 
every C* -algebra C and every * -homomorphism <fi from A into C. 

Proposition 3.8 Consider C* -algebras C\, C2 and * -homomorphisms (fix from A into M{C\) and 02 
from A into M(C2) such that <fii(A)Ci is dense in C\ and 02(^4)C2 is dense in C 2 . 
Then there exists a unigue * -homomorphism from A into M{C\®C2) such that (0i(ai)00 2 (a2)) 0(a) = 
(0i 02)((ai a 2 )A(a)) and 0(a) (0i(ai) (j> 2 {a 2 )) = (0i 02)(A(a)(ai a 2 )) for every a 6 A and 
ai, a2 G A. We have moreover that <f)(A)(C\ C 2 ) is dense in C\ C 2 . 



We are now in a position to define the universal C*-algebra associated to the *-algebra A together with 
a comultiplication on it. 

Definition 3.9 We define the norm on A such that 

\\a\\ u — sup{ ||0(a)|| j C a C* -algebra and a * -homomorphism from A into C} . 

Then \\.\\ u is a C* -norm on A, we define A u to be the completion of A with respect to \\.\\ u , so A u is a 
C* -algebra. 



Remark 3.10 Proposition 3.7 implies that the norm is finite. The regular representation 7i> guarantees 



that || - 1 1 -t*. is a norm and not merely a semi-norm. 

Notation 3.11 We define tt u to be the identity mapping from A into A u . Hence, ir u is an infective 
* -homomorphism from A into A u such that ir u (A) is dense in A u . 

Restating the definition of the norm in terms of the mapping 7r„, we have the following equality. 
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Proposition 3.12 Consider a € A. Then we have the following equality : 

IK«(a)|| = sup { ||(/>(a)|| | C a C* -algebra and (f> a * -homomorphism from A into C } . 
By the definition of the norm, we have the following universality property. 

Proposition 3.13 Consider a C* -algebra C and a * -homomorphism <f> from A into C . Then there exists 
a unique * -homomorphism 9 from A u into C such that 9oir u = <f>. 



If we apply proposition 3.S with <fi equal to ir u and combine this with the previous universality property, 



we get our comultiplication on A u : 

Definition 3.14 There exists a unique non- degenerate * -homomorphism A u from A u into M(A U A u ) 
such that (tt u Q ir u )(x) A u (Tr u (a)) = (tt u tt u )(x A (a)) and A u (tt u (a)) (ir u ir u )(x) = (ir u © 7r„)(A(a) x) 
for every a £ A and x 6 A A. 

As in section 2 of ||, this definition implies for instance that (ir u (a)®l) A u (w u (b)) = (7r u 07r„)((a0l) A(6)) 
for every a, b G A. 

As before, this implies the next theorem. 

Theorem 3.15 The mapping A u is a non- degenerate * -homomorphism from A u into M(A U ®4„) such 
that : 

1. {A u ®l)A u = (t®A„)A„ 

2. The vector spaces A U (A U )(A U 1) and A u (A u )(l A u ) are dense subspaces of A u A u . 
We call (A u , A u ) the universal bi-C*-algebra associated to (A, A). 



Thanks to the universality property of A u (proposition 3.13| ), the counit on A can also be extended to 
A u ' 

Definition 3.16 We define e u as the unique * -homomorphism from A u into C such that e u oh u = e. 
It is not difficult to extend the counit property from A to A u : 

Proposition 3.17 We have for every a £ A u that (e u t)A u (a) = (l e u )A u (a) = a. 
This implies immediately that the mapping A„ is injective. 

In the rest of this paper, we will need regularly to switch between A u and A r . The regular representation 



7iv together with the universality property (proposition 3.13) allows us to make the bridge : 
Definition 3.18 We define ir to be the unique * -homomorphism from A u into A r such that ttott u = n r . 
Notice that it here is something different than in ! 



By definition 3.14 and lemma 2.8 of |9|], we have of course that (n n)A u — A r n. 
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4 The left regular corepresentation 

In this section, we introduce the left regular corepresentation of (A U ,A U ). This corepresentation will 
be essential to transform objects connected with (A r , A r ) to objects connected with (A u , A„). The first 
application of this principle can be found in the next section. 

Remember that A u H is a Hilbert-C*-module in a natural way and let C(A U ® H) denote the set of 
adjointable mappings from A u H into A u H. Remember also that C(A U H) = M(A U Bq(H)). 

Definition 4.1 There exists a unique unitary V G £(A U i?) such that V(tt u © A)(A(6)(a 1)) = 
7r„(a) (8 A(6) /or every a,b €z A. We call V the left regular corepresentation of (A Ul A u ). 

This definition is possible because A(^4)(^4 1) = A A and because of the left invariance of ip. 

In the same way as in proposition 2.2 of ||, we get the following alternative formula for V : 

Result 4.2 We have for every a,b G A that V(ir u (a) A(6)) = (tt u A)((S ,_1 i)(A(b)) (a 1)). 

Equation (1) of has its obvious variant in the universal case : 

Lemma 4.3 We have for every a,b G A that (l ^A( a ) i A(fc))(^) = ^((^ © ¥){A{b*)(l a ))) • 

Proof : We have for every c,d G A that 

n u (d)* (t0WA(«),A(i,))(F)i„(c) = (V(n u (c) A(a)),7r„(d) A(6)} 

= (tt u (c) A(a),V*(7r tt (d) A(6))> = (tt„(c) A(o), (tt u A)(A(6)(d 1))} 

= (ttu ® l)A(6*)(c a)) = tt u (0 p)((d* l)A(6*)(c a))) 

= 7r u (d*(i p)(A(6*)(l a)) c) = 7r n (d)* 7r u ((i p)(A(6*)(l a))) tt u (c) . 

This implies that (i WA(a),A(6))(V) = 7r u ((i y>)(A(6*)(l a))). ■ 
As a consequence, we find the following result. 

Corollary 4.4 The set { (t© w)(V) | w G Bq(H)* } is a dense subspace of A u . 

Lifting V to H gives : 

Result 4.5 VKe Ziawe i/iai (vr i)(V) = W. 

Proof : Choose a, b G A. Using lemma L3 and equation (1) of ||, we get that 



(t ® WA(a),A(6))((T 000) = W A (a),A(6))(V)) = tt( 7T n ( (t ip)(A(6*)(l a)))) 
= 7r r ((t0^)(A(6*)(l®a))) = (t®w A(o)fA(6) )(W) . 

Consequently, (7r i)(V) = W. ■ 

Notation 4.6 For every p, q G if, we denote u)' q G ^4* suc/i i/iai ? (cc) = (tt(x)p, q) for every x G A u . 
Because (7r t)(V) = TU, lemma 2.20 of |)| implies the following equality : 



15 



Result 4.7 We have for every a,b € A that (u>' A ( a \ A( - b ) = Tr r (a<pb*). 

Corollary 4.8 We have that A r is a subset of the closure of { (u> t)(V) \ ui G A* } m Bq(H). 

The left regular co-representation lifts the algebraic universal corepresentation X from ^4 A to y4 x 



Proposition 4.9 FKe /iawe /or every a,b E A and x e AQ A that V (tt u ir r )(x) — (ir u 7r r )(X x) and 
(tt u © TT r )(x) V — (ii u 7r r )(a;X) 

The proof of the first equality is completely the same as the proof of lemma 2.21 of j9). The second one 
follows from the first. 

Corollary 4.10 We have the equalities V (ir u (A) n r (A)) = n u (A) n r (A) and (ir u (A) n r (A)) V = 
ir u {A) 7T r (l). 



Corollary 4.11 The element V belongs to M(A U A r ). 



Because (A l)(X) = Xi 3 X 23 and (t A)(A) = X\ 2 X\ 3 , proposition |4.9| implies the following result : 
Proposition 4.12 We have that (A„ i){V) = V 13 V 23 and (t A r )(V) = V 12 V 23 . 
So V is a corepresentation of (A u , A u ) on A r and a corepresentation of (A r , A r ) on A u . 
As usual, V implements the comultiplication : 

Proposition 4.13 We have for every a G A u that (l 7r)A„(a) = V*(l 7r(a))T^. 

Proof : Chooser £ A. Take 6, c G A. Then there exists e G A such that (e0l)A(c)(60l) = A(c)(&0l). 
This implies that 

V*(l 7r(7r u (a>))) (tt„(6) A(c)) = 7r r (a:))M&) A(c)) 
= ^*(tt m (&) A(xc)) = (tt u A)(A(sc)(6 1)) 
= (tt u A)(A(a;)A(c)(6 1)) = (tt u A)(A(a?)(e l)A(c)(& 1)) 
= (tt u 7r r )(A(x)(e 1)) (tt u A)(A(c)(& 1)) 
= (t 7r)((7r u 7r u )(A(x)(e 1))) (tt„ A)(A(c)(& 1)) 
= (i0 7r)(A u (7r u (a;))(7r u (e) 1)) (tt u A)(A(c)(& 1)) 
= 7r)A„(7r u (a;)) (7r„(e) 1) (tt„ A)(A(c)(6 1)) 

= (i0 7r)A„(7r u (a;)) (ir u A)(A(c)(& 1)) = (t 7r)A u (7T u (») V*{ir u (b) A(c)) . 

So we see that V*(l 7r(7r„(a;))) = (i 7r)A u (7r u (x)) V*. Because 7r„(v4) is dense in A u , we get that 
V*(l®7r(o)) = (t®7r)(A„(o))V*. ■ 



In the rest of this section, we prove a formula which formally says that (i S)(V) — V* . It will prove 
useful in the next section. First, we need a lemma. 
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Lemma 4.14 Consider a,b € A and u> £ A* u . Then 

(tt« {a)uir u (b) l){V*) A(x) = A((cjott u t)(0 l)A(a;)(a 1))) 

for every x E A. 

Proof : We have for every y £ A that 

((7r u (a)o;7r u (&) i)(V*) A(x),A(y)) = w((V*(7r u (o) A(z)), tt m (6*) A(y)}) 

= w(((tt„ A)(A(x)(a 1)), 7T„(6*) A(j/)» = w((tt u ip)((b y*)A(a:)(a 1))) 
= ip((tooTr u t)((6 y*)A(x){a 1))) = Lp(y*{ujoiT u t)((6 l)A(ai)(a 1))) 
= (A((wo7r tl 0t)((6 0l)A(a;)(a0l))),A(y)) . 

This implies that {Tr u (a)ujir u (b) i)(V*) A(x) = A((uair u t)((b l)A(x)(a 1))). ■ 
Proposition 4.15 Consider p E D(V^) and q E D(V~5). TTien )(V*) = (f.0cJq lP )(V). 



Proof : Choose a,b & A and uj E A*. Take x £ A. We know from the remarks after proposition 2.15 
that A(x) belongs to D(V^) and JV^A(x) = A (a;*). Therefore 

Ma)w7r„(6*))(( t ® W ^^ 

= ((7r u (a)w7r u (6*)0t)(y*)A(x*), JV~'g> = (A((wo7r„ t)((b* l)A(s*)(a 1))), JV'h) 0) 



where we used the previous lemma in the last equality. By the remarks after proposition 2.15, we know 
that also A((wo7r„ t)((o* l)A(x)(6 1))) belongs to D(V^) and 

JV'A((aJo7r u t)((a* l)A(a:)(6 1))) = A((wott u *.)((&* l)A(a;*)(a 1))) . 

Substituting this in equality (*), we get that 

(7r„(a)a;7r„(6*))(( t 0a; Jv i A(x)iJV _ i9 )(y*)) - (JvU((57o7r„ t)((o* ® l)A(a;)(6® 1))), JV"i«) . 

This implies that 

(,„(«K(6«))(( t8Wjv , A(4Jv .g(D) 

= (g, A((tUovr u t)((a* l)A(a;)(6 1)))} = (q, (ir u (b)ZJ w u (a*) i)(V*)A(x)) 
= ((Tr u (a)uTr u (b*)®i)(V)q,A(x)) = {-K u {a)wK u {b*)){{i u qMx) ){V)) . 

From this all, we conclude that 

^ ® ^vU(,),jv-i g )( y *) = ( l ^.a ( ,))(F) . 
Because A (A) is a core for (see again the remarks after proposition 2.15| ), the proposition follows. ■ 



Corollary 4.16 Consider p G D(V*) and q e D(V~3). TTiera (t w Pl g)(V*) = (t w _i i )(V). 
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5 Lifting bi-C*-isomorphisms from the reduced to the universal 
C*-algebra 

In |pL we saw that the reduced quantum group {A r , A r ) possesses a very rich structure : a left and right 
Haar weight which are KMS, a polar decomposition of the antipode, ... 

We will show that this rich structure on (A r , A r ) can be transported to (A u , A u ). In this section, we will 
provide the most important method to do so. 

For the rest of this section, we fix *-automorphisms a, (3 on A r such that (a <g> 0) A r = A r a. 
Lemma 5.1 We have that {[3 <g> (3)A r — A r f3. 

Proof : We have that 

(a A r /3)A r = (i ® A r ) A r a = (A r ® t)A r a 

= (A r <g> L)(a ® [3)A r = (a <g> j9 ®/3)(A r <g> t)A r = (a ® (/? <8> /3)A r )A r 

which implies that A r /3 = ((3 ® (3) A r . ■ 

Hence, using proposition 7.1 of ||, we get the following result. 

Corollary 5.2 There exists a unique strictly positive number r such that ip r (3 = r <p r . 
This relative invariance can be extended to a : 
Proposition 5.3 We have also that ip r a = r ip r . 

Proof : Choose a 6 M+ r . 
Take w€(A r )* + . Then 

(u (g) i)A r (a(a)) = (3({uja ® i)A r {a)) . (*) 
Because a belongs to M-t and <^ r is left invariant, we get that (u>a C3> t)A r (a) belongs to and 

ip r ((u>a <g> t)A r (a)) = a?(a(l)) yv(a) = Vr( a ) ■ 

Because ip r (3 — rip r , this implies that /3((wa ® t)A r (a)) belongs to -Mj^ and 

tp r (/3((wa ® t)A T .(a))J = r tp r ((u>a ® t)A r (a)) = ra;(l) </J r (a) . 

Looking at equality (*), this implies that (ui <g> i)A r (a(a)) belongs to M.^, r and 

</v((w ® t)A r (a(a))) = r u)(l) <p r (a) . 

By theorem of 3.11 of [p^| , we get that a(a) belongs to . 

Using the left invariance of <p r , we get moreover for every 9 € (^L)+ that 

0(1) ¥v(<*(a)) = <p r ((6® t)A(a(a))) = r0(l) <p r (a) 

which implies that <^ r (a(a)) = ryv(a). ■ 

Notation 5.4 FFe define the unitary elements u,v G B{H) such that uA r (a) = r"5A r (a(o)) and 
f A r (a) = r~2A r (/3(a)) /or euen/ a 6 A/^,.. 
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Then we have the following results : 

Result 5.5 We have for every iei r that a{x) — uxu* and f3{x) = vxv* . 



Result 5.6 We have the following commutation relations : 

1. Ju — uj and Vu = uV 

2. Jv — vJ and Vu = uV 

The equality (a (£> /3)A r = A r a implies the following commutation relations between u, v and W . 
Proposition 5.7 The following commutation relations hold : 

1. W{u®v) = (u®u)W 

2. W{v®v) = (v®v)W 

Proof : 

1. Choose a, b e N Vr . 

Then a(a),a(6) belong to Af Vr and uA r (a) — r~^ A r (a(a)) and uA r (b) = A r (a(b)). 



Because a (a), a (b) belong toM VTl proposition 2.17 implies that A(a(6))(a(a)<8>l) belongs toM Vr ^ Vr 
and 

(A r (g)A r )(A(a(6))(a(a)(g)l)) = W*{A r {a(a))®A r {a{b))) = r {W*{u®u)){A r (a)®A r {b)) . (a) 



Because a, b belong to Af Vr , proposition 2.17 implies that also A(b)(a ® 1) belongs to N"u> r ®u, r and 



(A r ® A r )(A(6)(o ® 1)) = W*(A r (a) ® A r (6)) . 

This implies that (a <8> /3)(A(o)(a <8> 1)) belongs to M IPt ^ Vt and 

(A r <8> A r )((a®/3)(A(6)(a(8> 1))) = r (u <g> u)(A r <g> A r )(A(6)(a <g> 1)) 

= r ((u«)u)W r *)(A r (a) ® A r (6)) . (b) 

Because (a ® /3)(A(6)(a (8 1)) = A(a(6))(a(a) (8 1), equalities (a) and (b) imply that 

(W*(u ® u))(A r (o) <g> A r (6)) = ((it (8) u)W*)(A r (a) <g> A r (6)) . 
So we get that W*(u ® tt) = (u ® u)W*. 
2. The second equality is proven in the same way as the first one. 



Corollary 5.8 We have for every w € B a (H)* that a((i ® w)(W)) = (t ® uwu*)(W) 
and /?((> ® w)(W)) = (t ® vuv*)(W). 

Using these commutation relations, we get the following result. 
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Result 5.9 The following equalities hold 

1. A r = u*A r v = v* A r u 

2. A r = u*A r u = v*A r v 



Proof : By proposition [T^, we have for every uo £ Bq{H)* that 

u*(uj (gi i)(W)v = (uj <g> t)((l ® u*)W(l <g> v)) = (w ® t)((ti ® l)W(u* ® 1)) = ® t)(W) . 

Because A r is the closure of { (u ® 0(^0 | w € Bq(H)* }, this equality implies that u*.A r i; = A r . 
Taking the adjoint of this equation gives us that v*A r u — A r . 
We have moreover that 

u*(A r ) 2 u = (u*A r v)(v*A r u) = (A r ) 2 . 

Because (A r ) 2 is a dense subset of A r , this implies that u*A r u = A r . In a similar way, we get that 
v*A r v = A r . ■ 

Using this last result, it is not difficult to infer the following one. 
Result 5.10 The following equalities hold : 

1. M(A r ) = u*M(A r )v = v*M(A r )u 

2. M(A r ) = u*M(A r )u = v*M(A r )v 

This last result will imply the following lemma. 

Lemma 5.11 Consider u, 6 G B (H)* such that (t O w)(V) = (t 0)(V). T/ien (t ® = 
(t (8) u0u*)(y) and (t (g> = (i <g> v6v*). 

Proof : We have for every r\ G ^4* that 

® = ® w)00) = »7((t ® #)0O) - 6»((?7 ® ■ 

Therefore, corollary |4.g| implies that lu(x) — 9(x) for every x G ^4 r . Therefore, cj(a;) = for every 
an G M(A r ). 

Take J] G A*. Because V belongs to M(A U A r ), we get that (77 £g> t)(V) belongs to M(A r ). Therefore, 
the previous result implies that u*(r] <S) t)(V)v belongs to M(A r ). 
By the first part of the proof, we know that 

u{u*{n ® t){V)v) = 9(u*(ri ® i)(V)v) , 

implying that r/((i <g> ?jant*)(V)) = T)((i ® u0u*)(V)). 

Consequently, (4 (g> «wu*)(V) = (4 ® t;0u*)(V). Similarly, (4 ® wu*)(V) = (4 <8> «0u*)(V). ■ 
This allows us to prove the following proposition : 

Proposition 5.12 There exists a unique linear mapping F from n u (A) into A u such that F((L®w Pj q)(V)) 
= (4 <g> uJ vp . U q){V) for every p,q G A(A). 
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Proof : By the previous lemma, we have for every p±,. . .,p m , gi, . . ., q m , 7*1, . . ., r„, s\, . . ., s„ £ A(A) 
such that 

m n 

X)( 4 ® W ».«)(^) =S( t ® w r J ,. J )(V) 
i=l j=l 

that 

m n 

^(t®a;«p 4)U9i )(V) =^(i®w erj . !ll8j .)(V r ) . 
»=i j=i 

This implies that we can define a mapping _F from tt u (A) into A„ such that 

m m 
»=1 i=l 

for every m 6 IN and pi, . . .,p m , gi, . . ., g m € A(j4). It is easy to check that F is linear. ■ 

Result 5.13 The mapping F is multiplicative. 
Proof: Choose p, g, r, s S A(A). 

Define uj e B (H)* such that tj(x) = (W{x®l)W* (p®r),q® s) for every a; G B (H). Using proposition 



4.12, we get that 



(t®Wp, g )(V) (Kg) kV, s )(F) = (Kg>Wp,g ® Wr,s)(Vl2Fl 3 ) 

= (i ® ® W r , s ) (W23 ^12^2*3) = (t®W)(V) ■ 



Therefore, lemma 5.1l| implies that 

F( (t ® w p ,,)(V0 (i <8 v r>s ){V) ) = (1 ® vwu*)(V) . (*) 

Now we have for every 1 e Bo (i? ) that 

= w(?t*ii)) = (Iffu'iu (g) l)IU*(p (8 r), q ® s) 
= ® ® l)(v <8) v)TU*(p <g r), g ® s) = (W(a; ® l)W*(vp ® w), ug us) 



where we used proposition 5.7 in the last equality. Combining this result with equality (*), we see that 



F( (l <g) Wp,g)(V) (l (g> W r , s )(V) ) = (L <8 (g) W OT ,„ S )(W 2 3 ^12^2*3) = (i ® Wup.ug ® W v r,us) (V12V13) 

= (Kg) W„ p ,„g)(y) (i (g) W„ nus )(F) = ® Wp,g)(T/)) F((t <8 ^r, S )(V r )) • 

The result follows by linearity. ■ 
Result 5.14 The mapping F is selfadjoint. 



Proof : Choose p, q € A (A). We know from the remarks after proposition 2.15 that p belongs to 



D(V 2 ) and that g belongs to D(Vs). Therefore, corollary 4.1£ implies that 



(4 ® Wp, g )(F)* = (t <8> w gjP )(V) = (Kg. w jv _i p jJV i,)(V) 



Using lemma 5.11, this implies that 



F((Kg)CJp )8 )(F)*) = (Kgiw r i i )(U) 
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Result 5.6 implies that vp belongs to Z3(V s), that uq belongs to £)(V 5 ) and JV ?vp = vJV ?p and 



JV^uq = uJViq. Hence, 



F((l® w Pl9 )(V)*) = {i®u) 



JV 2 vp,JV^ uq 



(*) 



(t ® CJ 5 



)(F*) = 



)(^r = F(( t ®w M )(vor 



uq,vp 



vp,uq 



where corollary 4.16 was used once again in equality (*). The result follows by linearity. 



Consequently, we have proven that F is a *-homomorphism from ir u (A) into A u . By proposition p. 13 , 
this justifies the following definition : 

Definition 5.15 There exists a unique * -homomorphism a u from A u into A u such that a u {{L®u> Ptq )(y)) 
= (l ® uj vp ,uq)(V) for every p,q G A(A). 

Then we get immediately the following proposition. 

Result 5.16 The equality (a u ® i)(V) = (1 ® u*)V(l <g> v) Zio^rfs. 

Corollary 5.17 VKe have for every ui G B (H)* that a u ((i ® u){V)) = (t, (g> vu>u*)(V). 



Proposition 5.18 TTie mapping a u is an * -automorphism on A u . 

Proof : We have of course also the equality (a -1 <8> f3~ 1 )A — Aa _1 . Therefore we can do the same 
thing for a~ 1 as we did for a. So we get the existence of a * homomorphism 6 from A u into A u such that 
6{{l <g> = (i ® w*wu)(V) for every u) G Bq(H). Then we get immediately that 



In a similar way, we can do the same things for (3. So we get the following result. 

Proposition 5.19 There exists a unique * -automorphism /3 U on A u such that (3 u ((l ® uj)(V)) 
= (t® vujv*)(V) for every u G B (H)* . 

Result 5.20 The equality (f3 u ® <.)(V) = (1 ® w*)V(l ® v) holds. 

Furthermore, the commutation relation between a, [3 and A r is transferred to the same commutation 
relation between a u , [3 U and A u : 

Proposition 5.21 We have that (a u ® (3 U )A U = A„ a„. 



a u (6(( L ® w)(F))) = 0(a„((t ® w)fV))) = (t ® a>)(V) 



for every ui G B (H)*. 

From this, it follows that a u o9 = 9oa u — i. The proposition follows. 
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Proof : Using proposition |4.12| , we have that 

(K ® /3«)A„ ® l)(V) = (a u ® /?„ ® t)(Vi 3 F 23 ) = (a u ® OOOia (& ® OOO23 
Therefore, result 5.16| and |5.20 imply that 



(K ® /3 U )A„ ® = [(1 ® u*)V(l ® «)]ia [(1 ® «*)V(1 ® «)]23 

= (1 ® 1® n*)Fi 3 (l ® 1 ® v) (1 ® 1 ® w*)V 23 (l ® 1® v) = (1 ® 1 ® m*)Ui 3 V 2 3(1 ® 1 ® w) 



Hence, using proposition 4.12 and result 5.16 once more, we get that 



((«« ® /3„)A„ ® t)(V) = (1 ® 1 ® m*)(A u ® t)(V)(l ® 1 ® u) 
= (A u ® t)((l ® u*)V(l ® u)) = (A„ a u ® t)(V) . 

This last equality implies for every u> G Bq(H)* that 

(ou®/3u)(A u ((t®w)(V0)) =A u (a u ((t®w)(V))) . 

From this all, we can conclude that (a u ® (3 U )A U = A„ a u . 



Because (n ® = T4 7 , corollaries 5.S, 5.17 and proposition 5.19 imply easily the following result 



Result 5.22 We have that -kol u = a and tt(3 u — (3. 



Remark 5.23 Later (proposition ll.q ), we will prove that a u and [3 U are uniquely determined by the 



properties ira u = a and (a u ® /3 U )A — Aa u . 

In a later section, we will also transform corepresentations from (A r , A r ) to corepresentations of (A u , A u ). 

6 The algebraic nature of a unitary corepresentation of (A r , A r ) 

We will prove in this section that every unitary corepresentation of {A r , A,.) is of an algebraic nature. 

For the rest of this section, we fix a C*-algebra C and a unitary corepresentation U of (A ri A r ) on C. 
We want to prove a generalization of proposition 7.7 of In order to do so, we need to single out a 
special sub-*-algebra of C. 

Notation 6.1 Define the set B = ( (ui p . q ® l)(U) \ p,q G A(^4) }, so B is a subspace of M{C). 

For every us G A, there exists a unique element G A* such that 6oix r = us and we define us — 9. In this 
notation , we have for every a, b G A that (a^6*) = ^A(a),A(&)- 
So we get that S = { (us ® \us e A}. 

It is not so difficult to check that (US1US2) = (^1 ® ^2)A r for every usi,us2 G A. 

Because (A r ® t){U) = U13U23, this implies easily that the mapping A — > M(C) : w 1— > (a) ® l){U) is an 
homomorphism of algebras. 

Therefore, we get the following result : 
Result 6.2 We have that B 2 = B. 
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This algebra B is non-degenerate with respect to C : 
Result 6.3 We have that BC and CB are dense in C. 

Proof : Choose c <E C. There exists a,b £ A and x £ A r such that (x A(a), A(6)) = 1. We have for 
every d £ A and y £ C that 

(w A (o),A(6) ® 0(W(7T r (d) ?/)) = (w ffr (d)A(o),A(6) ® O(^) 2/ = (<*>A(d ),A(&) t)(W) V £ BC . 

Because 7r r (A) C is dense in A r <g> C, this implies for every zeA r 8C that (wa(o),a(6) u)(Uz) belongs 
to BC. Because U is unitary, this implies that (wa( ).a(6) belongs to _BC for every z £ A r C. 
Because c = (w A (a),A(6) ® 0( x c), this implies that c is an element of BC. 

In a similar way, one proves that CB is dense in C. ■ 

We would like to prove that U is an algebraic multiplier of AqB. For this, we need the following lemma. 

Lemma 6.4 Consider elements a\, . . ., a m , b\, . . .,b m , c\, . . ., c m and p\, . . .,p n , q\, . . ., q n , n, . . ., r n in A 
such that J2"Li a * ® MO = E"=i A (rjp(s*))(tj 1)- 2%en 

m n 

(7T r (ai) (g) (WA(6 4 ),A(c 4 ) ® = y^TTrfe) K(r 3 ),A( Sj ) 0i)( W ) ■ 

i=l j=l 

Proof : Using the fact that (A r = U13U23, we get that 

m 

^W(7T r (ai) (WA^.A^i) t)(W)) = (t W A (6 i ),A(c i ) ® t)(Wl3 ^23 (7T r (Oi) 1 1)) 
i=l 

= (t®w A(64)iA(c4) ®t)(( A r®0(W)(7r T .(a i )(8»l®l)) . (*) 

Choose p £ A and q £ C. Then 

^(t w a(6i)jA(c .) i)((A r ® i)(n r (p) g)(7r r (a i ) 1 1)) 

m 

= ^(i0 WA(6i),A(ci) t)((7r r ©7iy)(A(p)(a; 1)) ® g) 
»=i 

m 

= ^(tv p)((l c*)A(p)(oi g 
»=i 

= © p)(A(p)(Oj M<))) ® ? 



i=l 



i=l 



= 5lK ¥ ')(A(pr j p(s*))(i j 81))®?. 
Therefore, the left invariance of ip implies that 

m 

^((®w A( yi (Ci) t)((A r i)(ir r (p) q)(7r r (ai) 1 1)) 
i=l 

n n 

= 51 ^fe) ^(P r jP( S j)) ® 9 = ^^rfo) ® <P(SjPrj) q 
3=1 J=l 

n n 

= ^7T r (tj) (8>W A (r J ),A(s i )(7rr(p))« = ^Trfe) (WA( rj ),A( 8j ) OC^r-fa) 5) • 
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Hence, using equation (*), the usual continuity arguments imply that 

m n 

{-K r (ai) <g> (w A (6,),A( Cl ) © = Xl^^') (wa ('- j ),a(s 3 ) © 

»=i j=i 



This lemma implies immediately the following proposition (the second equality requires of course a lemma 
similar to the one above). 

Proposition 6.5 We have that U (Tv r (A) © B) = ir r (A) B and (ir r (A) B)U = n r (A) B. 
This justifies the following notation. 

Notation 6.6 We define IA as the unique element in M(A B) such that (ir r t)(x)U = (7r r i)(xU) 
and U (ir r l)(x) = (71Y © t) (U x) for every x G AQ B. 

Proposition 6.7 The element U is a non-degenerate corepresentation of (A, A) on B. 

Proof : We have for every a^A, xeAqA and b G B that 

(tiy TT r t)((A t)(W)(A(a) x®b)) = (ir r ?r r i)((A t)(W(o b))(a; 1)) 

= (A r t)((?r r t)(^(a 6))) ((7r r ir r )(x) 1) = (A r (7ty(a) 6)) ((7r r ir r )(x) 1) 
= (A r l)(U) (A r (7r r (a))(7r r 7r r )(x) 6)= U 13 U23 ((TT r 7r r )(A(a)x) 6) 

= Wl 3 (7T r TT r 0(kb(A(a) X &)) = (7T r 7T r t) (Wl 3 W 2 3 ( A(a) X 6)) 



which implies that (A t)(W)(A(a) x 6) = Z4 3 W 23 (A(a) x 6). So we get that (A = U\zU. 



23 • 



Proposition 6.5 of this section and proposition 6.10 of |11| imply immediately that Li is non-degenerate. 



Next, we want to show that B is a sub-*-algebra of M(C). For this, we will use the next lemma. 
Lemma 6.8 We have for every a G A and b G B that 

U*(ir r (a)®b) = (7r r 0i)((S0O((S'~ 1 (a)«>i)W(l0&))) . 

Proof : By proposition 5.11 of Jll| we know that 

W(S0i)((S^(a) l)U(l®b)) = a©6 . 

Therefore 

U (irr l)((S i)((5- x (a) 1)W(1 &))) = (TT r i) (W (5* t)((5 _1 (a) 1)W(1 6))) = 7r r (a) 6 
which implies that 

(7r r ©t)((S'©i)((^ 1 (a)® 1 )^(l®&))) = W*Ma)®&) . 
Proposition 6.9 TTie se£ B is a sub-* -algebra of M(C) such that BC = C. 
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Proof : Because of the previous results, we only have to prove that B is selfadjoint. 
Choose a,b,c G A. Take y E B. Then 



(WA(o),A(c6) ® 0( W )* 2/ = ( w A(cfc),A(a) ® i){U*)y 

= (w Wr ( c )A(6),A(o) ® 2/ = ( w A(6),A(a) t)(W*(7r r (c) ® J/)) 

= K(6),A(a) ® 0( K © 0( (S 0((5 _1 (c) (8 1) W(l ® y)) ) ) (*) 
where we used the previous lemma in the last equality. 
We have for every p e A and q G _B that 

(WA(6),A(o) ®O(( 7r r0t)((» S '0'-)b®9))) = ^A(b),A(a)( 7r r(S'(p))) <7 

= ^(a*S(p)&) g = ^(^(bJpS-^a*)))^ <p{S- 1 (b)pS- 1 {a*)5)q 

= ^>A(S- 1 (a')S)A(S- 1 (br)(^r(p))q= (w A (S-i (a*)5),A(S-! (6)* ) ® OC^r-fa) ® ?) • 

Combining this with equality (*), we find that 

(WA(o),A(cb) ® 0(W)* 2/ = (w A (S-i(o*)«),A(S-i(6)*) O^r (O^" 1 ( c ) Pfl®!/))) 
= (WA(S-i(a*)5),A(S- 1 (b)*) ® (K (S*^ 1 (c)) 1)W(1 ® y)) 
= (^A(S- 1 (a*)5),7r r (S- 1 (c)*)A(S- 1 (6)*) 8 O^C 1 2/)) 
= ( w A(S- 1 (a*)5),A(S- 1 (cfc)*) ® L ){ U )V ■ 

So we see that (wa(o),a(c6) = ( w A(s-i(a*)<5),A(s- 1 (cf>)*) 0( w ) which clearly belongs to B. 

Using the fat that A 2 = A, the proposition follows. ■ 

So we have proven in effect that U is of an algebraic nature. However, there is a *-algebra which is more 
natural than the ""-algebra B. We will introduce this *-algebra in the rest of this section. 

By the previous results, we have the following proposition. 

Proposition 6.10 The set BCB is a dense sub-* -algebra of C such that (ir r (A) BCB)U 
= TT r (A) BCB and U (7iy(A) BCB) = -K r (A) BCB. 

The following object seems to be a natural candidate for our special "-algebra connected with U. 

Definition 6.11 We define the set 

C u = {yeC\ U(ir r (A)®y) C n r {A)QC and {it r {A)®y)U C K r {A) 0(7} . 

It is easy to see that Cu is a subalgebra of C. The previous proposition implies that BCB C Cu which 
implies that Cu is dense in C. It is also easy to see that BCu and CuB are subsets of Cu- 

Proposition 6.12 We have that U (ir r (A) C u ) Q ir r (A) C u and {n r {A) C u ) U Q ir r (A) C U - 
Proof : Choose a G A and x G Cu- 

By definition, there exists b\,...,b n G A and y\, . . .,y n G C such that U(n r (a) x) = n ripi) 2/i- 

Using the Gramm-Schmidt orthonormalization procedure, we can find elements e\, . . ., e m G A such that 
v{ e j e i) — $ij f° r every i, j G {1, . . .,m} and such that &i, . . .,&„ belong to (ei, . . .,e m ). 
Then there exist zi, . . ., z m G C such that U{TT r {a) x) = n r(ei) Zj. 
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Fix j G {1, . . ., m}. There exist d G A such that eid = e» for every i G {1, . . ., to}. 
We have that 



(^A(ad),A( ej ) ® l)(ZY)x = (w 7rr ( a )A(d),A(e J ) ® 0(^0 ^ = ( w A(d),A(e 3 ) ® t)(W(7r r (o) <g> x)) 
m mm 

= ^(wA(d),A( ei ) ® ^(^(ei) <8>Zi) = ^ j ip{e* j e i d)z i = ^^(e*e 4 )z 4 = ^ . 



i=l i=l i=l 



Hence we see that zj belongs to BCu which implies that Zj belongs to Cu- 

So we get that U(ir r (a) ® x) belongs to ir r (A) Cu- Analogously, we get that (n r (a) ® x)U belongs to 
ir r {A)QC u . ■ 



Proposition 6.13 We have that C u = BC U = C U B = BC U B. 

Proof : Choose x € Cu- Take a,b,c G ^4 such that ip(c*ab) = 1. By the previous result, we know 
that U{-K r {a) ® x) belongs to 7r r (A) Q Cu- So there exist b\, . . -,b n G A and y\,- - - ,y n £ Cjy such that 
U(n r (a) ® x) = X)"=i Tr(&») j/j. 

Therefore, we get that 7r r (a) x = X)"=i^*( 7r '-(&i) J/i) which implies that 

n 

» = w A(6)iA(c) (7r r (a))x = ^(w A (6),A(c) ® t)(W*(7r r (6 i ) j/,)) 

i=l 

n n 

= X^MMA(&),A(c) ® ® Vi)) = ^2(^A(bib),A(c) ® b ){ U *)Vi 

i=l i=l 
n 



1=1 



Because _B is sclfadjoint, this equation implies that x belongs to -BC^- 

So we have proven that Cu C SC^ which implies that = BCu- Similarly, we get that CuB = Cu- 
From this, we get immediately that BCuB = Cu- ■ 



Corollary 6.14 We have that C u = BCB. 

This follows immediately because Cu — BCuB C BCB C Cu- 

Consequently, we arrive at the following conclusion. 

Proposition 6.15 The set Cu is a dense sub-* -algebra of C such that U (n r (A) Cu) = 7r,.(A) Cu 
and (n r (A) C u ) U = n r (A) C U - 



Remark 6.16 From the definition of Cu, it is also immediately clear that Cu is the largest subspace of 
C such that U{-K r {A) 0C M )C n r (A) C u and (n r (A) C u ) U C Tx r {A) C U - 

Now we can give the following definition : 

Definition 6.17 We define the element U G M(A Cu) such that (n r l){x)U = (ir r l)(xU) and 
U (7r r l)(x) — (n r l)(U x) for every x G AQ Cu- Then U is a unitary corepresentation of (A, A) on 
Cu- 
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7 Lifting unitary corepresentations from the reduced to the uni- 
versal C*-algebra 

In section^, we lifted certain *-automorphisms on A r to "-automorphisms on A u . Using the results of 
the previous section, we can now easily do a similar thing for unitary corepresentations of (A r , A r ). 

For the first part of this section, we fix a C*-algebra C and a unitary corepresentation U from (A r , A r ) 
on C. This corepresentation will give rise to a corepresentation on (A u , A u ). 

We will use the notations Cu and U from the previous section. So U is an algebraic unitary corepresen- 
tation of (A, A) on C'u- Then wc can give immediately the following definition. 

Definition 7.1 We deftneU u as the unitary element in M(A U ®C) such thatlA u (t: u Ql)(x) — (tt u Ql)(U x) 
and (tt u l){x)U u — (ir u i,){xU)for every x S A Cu- 

Then the following proposition is an easy consequence. 

Proposition 7.2 The element IA U is a unitary corepresentation of(A u ,A u ) on C such that 
(7T(gu)(Z4) = U. 

The following lemma guarantees that U u is uniquely determined by the above property. 

Lemma 7.3 Consider a corepresentation Q of (A u , A u ) on C such that (it t)(Q) = IA. Then we have 

that fil3 = ^2^23^12^23- 

Proof : Because Q is a corepresentation of (A U ,A U ) on C, we have that (A„ t)(Q) = Qi3<223- 
If we apply i ir t to this equation and use the fact that (ir l)(Q) = U, we get that 

((i0 7r)A M 0t)(Q) = Q 13 U 23 ■ 



By proposition [4.13| , we know that (t n)A u (x) — V*(l tt(x))V for every x G A u . This implies that 

((i 7r)A„ t)(Q) = VSfTT® 0(023^12 = ^2^23^2 . 

So we get that V* 2 U23V12 = Qxs U 23 - I 
Using this lemma, wc get the following uniqueness result. 

Proposition 7.4 The element U u is the unique corepresentation of (A Ul A„) on C such that 

(7T0i)(Z4) = U. 



Reformulating lemma 7.3 with Q equal to U u , the following equality holds. 



Result 7.5 We have that (U u ) 13 = V 1 * 2 U 23 V 12 U 2 * 3 . 

Corollary 7.6 We have for every to € B (H) that ((*, cj)(V) ®l)W„ = (i«w® C){U 23 V 12 U^ . 
By definition we have immediately the following result. 

Result 7.7 We have that U u (ir u (A) 0C«) = 7r M (A) C u and (tt u (A) QC u )U u = n u (A) C U - 
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Combining this with the fact that (n l)(U u ) = U and definition 6.11 , this implies the following result. 
Result 7.8 We have that 

C u = {y eC U u {i: u (A)®y) C w u (A) C and (n u (A) y)U u C n u {A) ©C} . 

Now we state the fact that there is a bijective correspondence between unitary corepresentations of 
(A r ,A r ) and (A U ,A U ). 

Theorem 7.9 Consider a C* -algebra C, then we have the following two properties. 

1. LetlA be a unitary corepresentation of (A r , A r ) on C. Thenti u is the unique unitary corepresenta- 
tion of {A Ul A u ) on C such that (tt t)(U u ) = U- 

2. Let U be a unitary corepresentation of (A U ,A U ) on C. Then t)(U) is the unique unitary 
corepresentation of (A r , A r ) on C such that [(ir b)(U)] u = U. 

Proof : 



1. This is just repeating proposition 7.4 



2. By proposition 7.4, we know that [(it (g> l)(U)] u is the unique unitary corepresentation of (A u , A„) 
on 



C such that (n i)([(ir l)(U)] u ) — (ir ® t)(U). So we must have that {(ir ® t)(U)] u = U. 



If V is a unitary corepresentation of (A r , A r ) on C such that V u = (n <8> then proposition 7.2 

implies that V = (7r ® l){V u ) = (n 



If we combine the second statement of this proposition with results 7.7 and 7.8, we get the followin 
proposition. 

Proposition 7.10 Consider a unitary corepresentation U of (A u , A u ) on a C* -algebra C and define the 
set 

C u = {yeC\ U(ir u (A) ® y) C n u (A) C and (w u (A) ®y)UQ ir u (A) C } . 

T/ien Cu is a dense sub-* -algebra of C such that U (tt u (A) Cu) = ^u(A) Cu and (n u (A) Cu) U = 
ir u {A)&C U - 

Of course, this proposition can also be proven in the same way as we did for unitary corepresentations of 
(A ri A r ) in the previous section. 

So we can give the following definition. 

Definition 7.11 Consider a unitary corepresentation 1A of (A u , A u ) on a C* -algebra C. Then we define 
the element U £ M{A Cu) such that (it u l)(x)U = (n u l)(xU) and U (ir u l){x) = (ir u l)(IA x) 
for every i£i0 Cu ■ Then U is a unitary corepresentation of [A, A) on Cu ■ 



The first statement of the next proposition follows from result 7.8, definition 7.1 and the previous defini- 



tion. Using theorem 7.9, the second one follows from the first. 

Proposition 7.12 Consider a C* -algebra C, then we have the following properties. 

1. Consider a unitary corepresentation U of (A r ,A r ) on C. Then we have that Cu u — Cu and 
(U u ) = U 

2. Consider a unitary corepresentation U of (A U ,A U ) on C. Then we have that Ct^^^m) — Cu and 
((it ® l)(U))' = U 
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8 The modular group of the left Haar weight on (A u , A u ) 

In a later section, we will introduce the left Haar weight on (A u , A u ) using the left Haar weight on 
(A r , A r ). We want this left Haar weight on A u to be a KMS- weight with respect to some one-parameter 
group. In this section, we will introduce this one-parameter group using the techniques of section |[ 

Remember from section ||, that we have the left Haar weight <p r on (A r , A r ). This weight is a KMS-weight 
and the modular group of ip r was denoted by ay. For some more notations, we refer to the remarks after 
proposition 



2.15 



Then we have that Lp r is invariant under ay and that A r ((oy)t(a)) = V l 'A r (a) for every a £ Nip r - 

We know that A(a) is analytic with respect to V and that V™A(a) = A(p n (a)) for every a <E A and n £ Z. 

By definition 3.14 of ||, there exist a unique norm continuous one-parameter group K r on A r such that 

((a r )t ® (K r ) t )A r = A r (ay)* 



for every i £ R. Notice that in |9|], K r was denoted by K. Proposition 5^2 implies that tp r is invariant 
with respect to K r . 

In section 3 of 0], we introduced a positive injective operator P in H which implements K r , i.e. (K r ) t (x) = 
P lt xP~ lt for every x £ A r and iel. 

Result 8.1 We have for every t £ R and a £ N Vr that P' u A r (a) = A r ((K r ) t (a)). 

Proof : Fix t £ IR and define the unitary operator u on H such that uA r (a) = A r ((K r ) t (a)) for every 
a £ M iPr . 

Then proposition [5.7| implies that (V 4 * ® V lt )W = W(S7 lt Cg) u). At the same time, proposition 3.12 of 
H implies that (V i4 ® V**)W = ^(V** ® P i{ ). Comparing these two results, we see that W(l <g> P i4 ) = 
W(l ® u). Consequently, u = P lt . ■ 

Result 8.2 Consider a £ A and n £ TL. Then A(o) 6eZon#s to D(P") and P n A(a) = A^^S'- 2 ' 1 ^)^ 1 ). 

The case n = is trivially true. The case n = 1 follows from the remark after definition 3.6 of ||. The 
case n = — 1 follows from the case n = 1. The result follows now by induction. 

Corollary 8.3 Consider a £ A. Then A(a) is analytic with respect to P. 

By the results of section S, we have for every < 6 R the ""-automorphisms {<Tt)u and (K t ) u on A u such 
that 

• (> t )„((i ® w)(V)) = (t ® P lt wV- !! )(F) 

• (i^ t )„((t®o;)(F)) = ( t ®P l *wP- lt )(I/) 
for every w G B (H)*. 

From the previous formulas, we get the following results : 

1. We have for every a £ A u that the mapping R — > A„ : 1 1— > (o"t) u (a) is norm continuous. 

2. We have for every s,ieR that (a s ) u (o- t ) u = (o~ s +t)u- 
So we have the following definition. 
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Definition 8.4 We define the norm continuous one-parameter group a u on A u such that (o~ u )t = (ct) M 
for every t S R. 

Hence, cr u is determined by the property that 

(tr u ) t ((i <8> u){V)) = (t P lt uV- lt ){V) 

for every id e B (H)* and t € R. 

Result |5.22 implies that 7r (er u )t = (o>) t 7r for every i S R. 



In a similar way, we can give the following definition. 

Definition 8.5 We define the norm continuous one-parameter group K u on A u such that (K u ) t — (K t ) u 
for every tgR. 

Again, K u is determined by the property that 

(K u ) t {{L®u)(V)) = {i®P lt uP" lt ){V) 

for every ui € B (H)*. 

We have also that tt (K u ) t = (K r ) t it for every t G R. 



Proposition 5.21 implies the following commutation relation. 



Result 8.6 We have for every t <E R that {{o- u )t (K u )t)A u = A u (a u ) 



Later on, we shall show that a u and K u are determined by the properties above (see proposition 



11. 



In the rest of this section, we want to show that every element of tt u (A) is analytic with respect to a u . 
Lemma 8.7 Let b, c be elements in A. Then p- 1 ((i©^)(A(c*)(l®6))) = (LQip)(A(p(c)*){l(g)SS 2 (b)S~ 1 )). 

Proof : By section]!], we have for every x 6 A that = S (p')^ 1 (x) <J -1 . This implies that 

{p- 1 t)(A(c*)(l &)) = (<5®1) {(pT 1 © 0(A(c*)) (S- 1 b) 
= (5 l)( i 0^ 2 )(A(( P ')" 1 (c*))) (J" 1 ® 6) 

where we used the results of section |l]in the last equality. Using the fact that (//) -1 (c*) = S^ 1 p~ 1 (c*)8, 
this implies that 

{p- 1 i)(A(c*)(l 6)) = (6 1) {l S- 2 )(A(<T VVW) ((T 1 6) 

= (10 (T 1 ) ( 4 S- 2 ){A(p{c)*)) (1 5b) = (10 (T 1 ) (i S- 2 )(A(p{c)*){l (55 2 (6)^ 1 )) (1 5) 

where we used that A(5) = 5®8 and S~ 2 (6) = 6. By section we know that ^(S^ 1 S~ 2 (x)5) = <p(x) for 
every ieA Therefore, 

p- x ((4 </>)(A(6*)(l c))) = (t ^((p" 1 0(A(6*)(1 c))) 

= (4 v )((l 5- 1 ) (i 5- 2 )(A(p(c)*)(l ^(ft)*" 1 )) (1 <$)) 
= (4 ^)(A(p(c)*)(l ^(ft)*- 1 )) . 
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Proposition 8.8 Consider a G A. Then n u (a) is analytic with respect to a u and (o~ u ) n i(ir u (a)) — 
ir u (p~ n (a)) for every n£2. 

Proof : Choose b,c € A and put d — (t <y9)(A(c*)(l 6)). Then lemma [D] implies that 

■K u (d) = (t® w A(fc)jA(c) )(V r ) . 
Therefore, the remarks after definition |3.4| implies for every t G R that 

(tr„)t(7T„((i)) = Wp«A(b),V«A(c))(^) (*) 

Because A(b) is analytic with respect to P and A(c) is analytic with respect to V, this implies easily that 
Tr u (d) is analytic with respect to o~ u . 

By equation (*), we have immediately that 

(o-u)i(n u (d)) = 0<8 u pHHb)yilA(c) )(V) = [l u P -i A (b),VA(c))(V) ■ 
Therefore, the remarks of the beginning of the section and result |S.2| imply that 

{c u )i(TT u (d)) = (L LUA(SS 2 (b)S- 1 )Mp(c)))( V ) ■ 

Hence, using lemma |4.3| once more, we get that 

(*«)iMd)) = 7T tt ((i ^)(A(p(c)*)(l ^(b)^ 1 ))) . 
Therefore, the previous lemma implies that 

K)iMd)) = ^(p- 1 (( t 0<^)(A( c *)(l0 6)))) =7r M (p- 1 (d)) . 

From this all, we conclude for every igA that 7r u (a;) is analytic with respect to a u and that {cr u )i{ir u (x)) 
= 7Tu(p _1 (2 ; ))- The general result can now be proven easily. ■ 



9 The polar decomposition of the antipode on A u 

In section 5 of ||, we arrived at a polar decomposition of the antipode on (A r , A r ). This polar decompo- 
sition consists of a norm continuous one-parameter group r r on A r (denoted by r in |)) ) and an involutive 
anti-*-automorphism R r on A r (denoted by R in 0). 

In this section, we want to transform these objects into similar objects on A u and arrive at a polar 
decomposition of the antipode on A u . 

By proposition 5.8 of ||, we have for every t e R that ((r r ) t (r r )t)A r = A r (r r ) t . In corollary 7.3 of 
B, we proved moreover the existence of a unique strictly positive number v such that ip (r r ) t = v l ip for 
every t£M. 

Define the positive injective operator Q in H such that Q lt A r (a) = v~i A r ((r r ){(a)) for every a G A/" Vr . 
So we have that (r r ) t (a;) = Q lt xQ~ lt for every a; G A r and (GlR. 

We can now use again the results of section |5[ So we have for every t G 1R a *-automorphism (r t ) u on A u 
such that (r t ) u ((t cu)(V)) = (i® Q lt ujQ- u )(V) for every t G R. 

In the same way as in the previous section, this justifies the following definition. 
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Definition 9.1 We define the norm continuous one-parameter group t u on A u such that (r„) t = (rt) t 
for every t S R. 

Hence, t u is determined by the property that 

(T„) t ((t <8> w)(V)) = (t ® Q^wQ-*)^) 

for every u £ B (H)* and t € R. 

Again, result 5.22) implies that 7r (t u ) 4 = (r r ) t 7r for every t € R. 



From proposition 5.21, we get the following commutation relation. 



Result 9.2 We have for every £ £ R that ((r M )t ® (r„) t )A„ = A„ (r M ) t . 

We would also like to obtain a formula like in equation (8) of section 5 of || for r„. 

Result 9.3 We have for every tell and us e B (H)* that (r u ) t ((i <8> w)(V)) = (t <g> V^wV^XV). 



Proof : Fix t £ R and w £ B (H)*. By proposition ^7, we have that (Q lt <g> Q lt )W = W{Q lt <g> Q lt ) 



Hence, using equation (8) of |9[ and the fact that r r is implemented by Q, we get that 

(i ® V**wV- tt )(W) = (r r )t((i ® = Q'*(i ® wXWJQ-" = ® Q**a;Q-*XW) . 

The previous equality implies for every 6 £ Bo(H)* that 

This implies that (V l 'wV _It )(i) = (Q*'o;Q - **X20 for every x £ A r . As a consequence, we get that 
(V^V^O) = (Q^Q-^Xa;) for every x £ M(A r ). 

Choose rj £ A* u . Because V is an element of M(A U <S> A r ), we have that (77 ® i)(V) belongs to M(A r ). So 
the first part implies that 

(V^V^fa ® 000) - (Q"wQ- ft Xft ® 000) • 

Hence, 

fj((t ® V Jt W V- lt )(V)) = ry((t ® Q w wQ- ft )(V)) . 

So we see that 

(t ® V ii wV- it )(F) = (t <8> Q it wQ- i *)(F) = (r u ) t ((t ® u){V)) . 

■ 

Using the equalities ((cr u ) t ® t)(F) = (1 ® V- 4 *)U(1 ® P i( ) and ((r„) t ® 000 = (1 ® V - '*)^! ® V i4 ), 



the proof of the next result is the same as the proof of proposition 5.21 



Result 9.4 We have for every t £ R that ((r M )t ® (a u ) t )A u — A„ {a u ) t - 



In the next part of this section, we prove that every element of tt u (A) is analytic with respect to t u . The 
idea behind the proof is the same as that of the proof of proposition |8.8| . 

Lemma 9.5 Consider a £ A and n £ Z. Then A(a) belongs to D(Q n ) and Q n A(a) = v^K{S 2n (a)). 
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Proof : Choose b £ A. Then 7r r (o) belongs to M Vr . We also know that n r (b) belongs to 2?((r r )_i) and 
(r r )_i(7r r (&)) = ir r (S 2 (b)) (see proposition 5.5 of ||). So we get that (r r )_j(7r r (b)) belongs to A/" Vr . 
Because A r ((r r ) t (:r)) = ^2 Q lt A r (x) for every x £ A/" Vr , this implies that A r (7r r (6)) belongs to D(Q) and 

1/-* QA r (7T r {b)) = A r ((r r )_,(i r (t))) = A r (^,.(5 2 (6))) 

Because A r (7r r (c)) = A(c) for every c € A, we see that A(o) belongs to D(Q) and QA(6) = A(S 2 (b)). 
The result follows from this result by induction. ■ 

Corollary 9.6 Consider a G A. Then A(a) is analytic with respect to Q. 



Proposition 9.7 Consider a £ A. Then 7r u (a) is analytic with respect to t u and (T u ) n i(ir u (a)) 
TTu(S~ 2n (a)) /or ewerj/ ne2. 



Proof : Choose b,c E A and put c? = (t © <p)(A(c*)(l 6)). Again, lemma |4.3| implies that n u (d) = 
(t Wa(M,A(c))(^)- Therefore, we get for every teR that 

(r„) t (7r u (d)) = (i Wgit A (6),Q"A(c))(V) ■ (*) 

Because A(6),A(c) are analytic with respect to Q, this implies immediately that ir u (d) is analytic with 
respect to t u . 

Furthermore, equality (*) implies also that 

(r„)i(7r u (d)) = (t®w Q , 4A(6))Q4 7 A(c) )(V r ) = (t®WQ-iA(6),QA(c))(V) 

= Z/~' (t WA(S-2( 6 )),A(S2 (c)) )(V r ) 



where we used lemma |9.5| in the last equality. Hence, lemma [4 . 3| implies that 

(T u )i(w u (d)) = ^7r u ((.0^)(A(^ 2 (c)*)(l0^- 2 (6)))) 
= v-* tt„( (1 p)( A(^- 2 (c*))(l S- 2 (bj) ) ) 
= ^ l 7r„((/,0^)((S- 2 0S- 2 )(A(c*)(l0 O )))) . 

By corollary 8.19 of we know that ipS~ 2 = /i -1 ip = v % ip. This implies that 

(T u )i(n u (d)) =^(5- 2 (( t 0(^)(A(c*)(l06)))) =TT u (S- 2 (d)) . 

From this all, we conclude for all x E A that ir u {x) is analytic with respect to t u and that (T u )i(TT u (x)) 
^u{S~ 2 (x)). The general result follows by induction. 



In the following part of this section, we will also transform R r to a *-automorphism on A u . The idea 
behind this procedure will be the same as the idea in section ||, but the details are somewhat different 
(for instance, ip r is not relatively invariant under R r ). 

At the end of section 7 of M, we introduced the anti- unitary involution J on H. This is in fact the 
modular conjugation of the right invariant weight on (A r , A r ). Proposition 7.15 of |J guarantees that 
(J J)W*(J J) = W. This relation was then used to prove that R r (x) — Jx*J for every x £ A r . 

As before, the relation (J J)W*(J ®J) = W will imply that JA r J = A r and JM(A r )J = M(A r ). 
Then we can use J to implement the anti-unitary antipode R r on (A r ,A r ), i.e. R r (x) — Jx*J for 
every x £ A r . We will have of course also that R r is an involutive anti-*-automorphism of A r and that 

X(Rr Rr)Ar = A r Rr. 



The proof of the following lemma is similar to the proof of lemma 5.11 
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Lemma 9.8 Consider u)\ , 0J2 G B (H)* such that (i®Wi)(V) = (t®w 2 )(F). T/ien (4 (g> Wi(J.* J))(V) = 
(t®w 2 (J.*J))(y). 

As before, this justifies the following definition : 

Proposition 9.9 There exists a unique linear mapping F from n u (A) into A u such that F((b(g)Ujp iq )(V)) 
= (Kg) uj Jq .jp)(V) for every p,qe A(A). 

Result 9.10 The mapping F is antimultiplicative. 

Proof : Choose pi, qi,P2, 92 G A (A). Define the mapping u> S Bq(H)* such that u>(x) — 
(W(x <S> l)W*(pi ® p 2 ), (ft ® 92) for every a; 6 B (H). As usual, we have that 

(t ® w pi m ) (V) (i <S> w P2 l92 )(7) = (K3o;)(y) . 



Using lemma 9.8, this gives us that 

F((L®u> Pl , qi )(V) (i®u> P2 , q2 )(V)) = (L®u;(J.*J))(V) . 
We have for every x € A r that 

uj{Jx*J) = (W(Jic*J ® l)W*(pi ®pa),«i ®<Z2> = <g> l)W*(pi ®pa),«i ® <Z 2 ) 

= (A r (A-(a:))(pi ®P2),9i ® 92) = (x((-Rr ®flr)(A r (ai))) (pi ®p 2 ),f?i 8)92) 
= {(i? r <g> _R r )(A r (a;))(p2 ® Pi), 92 ® ?i) = (( J ® J)A r (x)*( J <8> J)(p 2 ®Pi),«2 ® gi> 
= {A r (x)(Jq 2 ® Jgi), Jp2 ® Jpi) = (g> 1)VF* J92 ® Jgi, Jp2 ® Jpi) ■ 

Because V belongs to M(A U <g> A r ) this equality implies that 

(i®u(J.*J))(V) = (L®u Jq2 ,j P2 ){V) {i®u> JqitJpi )(V) . 

Hence, 

F((i®cj puqi )(V) (t® 

= F((i®u; P2 , q2 )(V))F({,®u pl , qi )(V)) . 
The result follows by linearity. ■ 

Result 9.11 The mapping F is self adjoint. 

Proof : Choose p,q e A (A). Then (t ® uj P;q )(V)* = (i ® w g , p )(V*). Because p G D(V~ = ) and 



g G D(V2), corollary 4.16 implies that 

= f/, 56 0. 

,/V~7p,,/V7 g 



Hence, lemma 9.8 implies that 



We also have that Jq belongs to D(V~i) and \7~ijq = JWiq and that Jp belongs to D(vi) and 
yhjp = J\7~ip. So we see that 

F((L» Up>q )(vr) = ( t ^ ro _. r „ m4 r j(v) 



(t ^ w Jp , Jg )(F*) = (t ® wj 9 ,j p )(V)* - F((l ® Wp, g )(V))» 



The result follows by linearity. 



Therefore, proposition 3.13 justifies the following definition 
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Definition 9.12 We define R u to be the anti-* -homomorphism from A u into A u such that 
Ru((t'®v P:q )(V)) = (t <g> vj qt j p )(V) for every p,q£ A(A). 



Corollary 9.13 We have that {R u ® u){V) = (t (g> (J.*J))(V) = (t ® £r)(V). 

Corollary 9.14 FKe have for every ui E B {H)* that R u ((i ® ui)(V)) = (l ® w(J.*J))(F). 
Using this corollary, it is easy to see that the following holds. 

Proposition 9.15 The mapping R u is an involutive anti-* -automorphism on A u . 



Thanks to corollary 9.13, the antimultiplicativity of R r gives us the following commutation relation. 



Result 9.16 The equality x{Ru ® Ru)A u — A u R u holds. 



Proof : By corollary |9.13] and proposition 4.12) , we have that 



(A„ R u ® l){V) = (A„ ® R r )(V) = (t ® t ® i? r )((A„ ® 

= (i ® t ® A-)(Via^23) = (t ® t ® #r)((X ® 0(^33 Via)) 

= (x®0((«-®t® A-)(V2sVi 3 )) • 

Because i? r is antimultiplicative, this equation implies that 

= (X® 0( ® 1 ® 0(^1S) ( l ® ® 0(^*0 ) = (X ® 0((^u ® Ru ® 0(^.3^23)) 

= ® ® t)((A„ ® 000) = (x(-Ru ® ^«)A„ ® 4)(V) . 

Consequently, we get for every w G B (H)* that A u (K u ((i.®a;)(V))) = x( ® Ru){ A u ((i®w)(V)) ) ' 
The result follows. 



It is not difficult to prove that R u and t u commute : 

Result 9.17 We have for every teR that (r u ) t R u = R u (r u ) t . 

Proof : Choose p,q G H . We know that V** and J commute. Therefore, 

#4(T u )t((t®uW(F))) = iiu((i®Wv«p,V«g)(^)) 
= {L®W Jv u q , JV n p ){V) = (l ® U V u j q ,vu Jp ){V) 

= {Tu)t((t'®Wjq,Jp)(V)) = (T u ) t (Ru((l ® Up, q )(Y))) . 

The result follows. 

At the end of this section, we prove the polar decomposition of the antipode on A u . 
Theorem 9.18 We have for every a € A that i? u ((r ll )_i(7r tl (a))) = tt u (S(o)). 



3G 



Proof : Choose b,c G A and put d = (i i/?)(A(c*)(l ® 6)). As usual, we have that Tr u (d) 
(i Wa(6),A(c))(^)' By result this implies that 



(r u )_i(7r„(d)) = j — 

2 V* ( -4'A(6),V* ( "4 ) A(c 



)0O 



Hence, using corollary 9.14, we get that 



Ru((r u )_,(n u (d))) = (^^ v -i A(c); ,vU( 6 ))W 

= (t® Wr*A(c),TA(6))(V) = (t®WAGo(c«)),A(&*))00 ' 

where we used the remarks after proposition 2.15| in the last equality. Using lemma \L. 3] once again, we 
see that 

fl«((Tt,)_|Md))) =T,((i0 ¥>)( A(6)(l ® p(c*)) ) ) 
Therefore, equation [I] implies that 

i^((r u )_ j(McQ)) =7r„((t0^)((l®c*)A(6))) =7r tt (S'((t© ¥ »)(A(c*)(l®6)))) = n u (S(d)) . 
The theorem follows by linearity. ■ 



10 The left and right Haar weight on (A u , A u ) 

In this section, we introduce the left and right Haar weight on A u . For this, we will use the left and right 
Haar weight on A r and the bridge mapping tt. Once we have our weights, the proofs of properties about 
these weights are completely analogous as the proofs of their reduced counterparts. 

Definition 10.1 We define the weight ip u = tp r n, then tp u is a densely defined lower semi- continuous 
weight on A u such that tt u (A) C M. Vu and Lp u (-K u (a)) = (p(a) for every a G A. 

Although ip r is a faithful weight on A r , the weight ip u does not have to be faithful. It will turn out that 
the quantum group (A U ,A U ) satisfies the definition of Masuda, Nakagami & Woronowicz except for the 
faithfulness of the left Haar weight. 

Definition 10.2 We use the GNS- construction (if, A r , i) for ip r to define the GNS- construction for ip u . 
We define the mapping A„ from M Vu into H such that A„(a) = A r (7r(a)) for every a S A/^ u . Then 
(H,A u ,tt) is a GNS -construction for tp u such that A u (jr u (a)) = A(a) for every a G A. 



Proposition 10.3 The weight ip u is a KMS-weight on A u with modular group <r u . 

This proposition follows immediately from the fact that 7r (cr„) t = (cr r ) t ir for every tgR (remarks after 
definition S.4). 

Because ip u is not faithful, the modular group is not uniquely determined. However, by imposing an 
extra condition, the modular group will be uniquely determined (see proposition 11.18). 



In notation 4.6, we introduced the notation oj' v w for every v,w G H. Then the proofs of the next two 
essential results are completely analogous as the proofs of proposition 6.9 and 6.10 of (|]. 
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Proposition 10.4 Let N be a dense left ideal in A. 
v G H and x £ N. Then ir u (A) C N. 

Proposition 10.5 Let N be a dense left ideal in A 
v £ H and x S N. Then 7T«(A) C AT. 



such that (lu' v v ® i)A u (a;) belongs to N for every 



such that (t ® w(, u )A u (a;) belongs to N for every 



Then we can prove the rather important result that tp u is completely determined by its values on 7r u (A) : 
Theorem 10.6 The set tt u (A) is a core for A u . 

The proof of this theorem is completely the analogous as the proof of theorem 6.12 of ||. This starts 
with lemma 6.4 of || and goes on to theorem 6.12 of || itself. 

Thanks to this result, we get the following strong form of left invariance (see the proof of theorem 6.13 
of H). For used notations, we refer again to the appendix. 

Theorem 10.7 Consider x £ -A4 Vll . Then A u (x) belongs to and (t (8> tp u )A(x) = <p u (%) 1. 

This theorem justifies to call (p u the left Haar weight of (A u , A u ). 
Then we get also the following weak form of left invariance. 

Corollary 10.8 Consider x £ M Vu and u> £ A* . Then (u> ® i)A u (x) belongs to Ai Vu and 
ip u ((uj ® l)A u (x)) = ip u (x)uj(l). 

Using the counit e u , the next result is trivial. To prove the analog of it in the reduced case, we had to 
do a lot more of work. 

Proposition 10.9 Let x be an element in AJ such that (u) ® i)A u (x) belongs to A4+ u for every 
lu £ {A u )* + - Then x belongs to MZ U - 

Of course, the result on A r (see theorem 3.11 of allows us to get a stronger version of this proposition. 

Proposition 10.10 Let x be an element in A+ such that (u)' v v <8> l)A u (x) belongs to M.^ for every 
v £ H. Then x belongs to Adi. 

In the same way as we prove proposition 6.15 of we can prove the strong left invariance proposed in 
the definition of Masuda, Nakagami & Woronowicz. 

Proposition 10.11 Consider a,b £ Af Vu and u> £ A* u such that uR u (t u )_± is bounded and call 9 the 
unique element in A* which extends coR u (t u )_±. Then b* {lo <S> l)A u (o) and (9 (8 i)(A u (b*)) a belong to 
A4 Vu and 

ip u {b* (w®i) A «(a)) = fn((9 ® L)(A u (b*))a) . 



In definition 9.2 of |9), the right Haar weight ip r on (A r , A r ) (which was denoted by ip there) was defined 
by using the left Haar weight and the anti- unitary antipode R r : ip r = (p r R r . 

We used this weight ip r to define a non-zero positive right invariant linear ip on the algebraic quantum 
group (A A) (see definition 9.7 of ||). We found that n r (A) is a subset of Ai^, r and defined ip in such a 
way that if}(a) = ijj r (TT r (a)) for every a £ A. 
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Definition 10.12 We define the weight ip u — ip r n. So tpu is a densely defined lower semi- continuous 
weight on A u such that 'i/j u (n u (a)) = ip(a) for every a £ A. 

Using the fact that tp r — ip r R and ttR u = R t -k, we get the following result : 

Result 10.13 The equality ip u — tp u R u holds. 

This suggests the following definition : 

Definition 10.14 We define the norm- continuous one-parameter group a' u on A u such that {a' u )t — 
Ru (o- u )-t Ru for every tel. 

Corollary 10.15 The weight ip u is a KMS-weight on A u with modular group o~' u . 
It is straightforward to check that 7r (<j' u )t — (o~' r )t tt for every t e R. 



Combining results 9.4 and 9.16, we get immediately the following one. 



Result 10.16 We have for every t £ R that ((a' u ) t (r u )_t)A u = A u (a' u ) t 

In the same way as for (p u , we can prove the following important result about ip u : 

Theorem 10.17 Let (H,p u , A^ n , 7ty u ) be a GA r S- construction for tp u . Then n u (A) is a core for A^. 

As usual, the left invariance of ip u is transferred to the right invariance of i/) u : 

Theorem 10.18 Consider x £ M-ip u - Then A u (x) belongs to A4^p u ^ L and (ip u l)A u (x) — ip u (x) 1. 
This theorem justifies to call ip u the right Haar weight of (A u , A u ). 

Corollary 10.19 Consider x £ M.^ u and uj £ A* u . Then (l oj)A(x) belongs to M^ u and 
ip u ((i® u)A u (x)) = ip u (x)u(l). 

We will end this section with a natural formula for V in terms of the GNS-construction of ip u . As before, 
we refer to the appendix for the used notations. 

Proposition 10.20 Consider a £ A u and b £ Af Vu . Then A(b)(a 1) belongs to M L ^ Vu and 
V(t A„)(A(6)(a 1)) = a A u (b). 

Proof : First take a sequence (an)™—! in A such that (■K u {a n )) n °—i converges to a. Because ir u (A) is 
a core for A u , we get the existence of a sequence (b n )^Li in A such that (7r«(6 n ))^i converges to b and 
(A„(7T u (6 n )))^ 1 converges to A u (b). 
This implies immediately that the sequence 

(A„(7r u (& n ))(7r u (a„)<g>l))~ =1 -> A„(b)(a0l) . 

Using the definition of V, we get for every n £ IN that A„(7r„(& n ))(7r u (a n )0l) = (n u ®Tr u )(A(b n )(a n ®l)) £ 
tt u (A) tt u (A) C D(l A u ) and 

(i0 A u )(A u (n u (b n ))(n u (a n ) 1)) = A u )((tt u 7r„)(A(6„)(a n 1))) 

= (tt u A)(A(6„)(a n 1)) = V* (vr M (a„) A(b n )) = V* (7r u (a„) A u (7r u (6„))) 
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This implies that the sequence 

((t® A u )(A„(7r„(6„))(7r„(a n ) ® 1)))~ =1 -> V*(a <8> A u (6)) . 
Hence, the closedness of t ® A„ implies that A u (b)(a ® 1) belongs to £>(i ® A u ) and 

(t <g> A„)(A„(&)(a <g> 1)) = V^* (a ® A u (6)) . 



11 Invariance properties of bi-C*-isomorphisms and group-like 
elements 

In this section, we prove some relative invariance properties of bi-C*-isomorphism and group- like elements. 
The results are essentially the same as the results of section 7 of fl. However, some proofs have to be 
altered because the left Haar weight on (A u , A u ) is not necessarily faithful. 

The proof of the following proposition is the same as the proof of proposition 7.1 of ||. 

Proposition 11.1 Consider * -automorphisms a and [3 on A u such that {(3 ® a)A u = A u a. Then there 
exists a strictly positive number r such that ip u a = r if u . 



As before (see lemma 5.1), the mapping (3 above will automatically satisfy {(3® j3)A u = A u (3. Therefore, 



Corollary 11.2 Consider * -automorphisms a and (3 on A u such that {(3 <g> a)A u — A u a. Then there 
exist strictly positive numbers r and s such that ip u a = r <p u and (p u (3 — s (p u . 



In a similar way as in proposition 5.3, we get the following result : 



Proposition 11.3 Consider * -automorphisms a and (3 on A u such that {a ® 0)A U = A u a. Then there 
exists a strictly positive number r such that ip u a = r ip u and ip u (3 = r <p u . 

We want to prove a version of proposition 7.2 of || on the level of A u . In the proof of proposition 7.2 of 
||, we use that tp r is faithful whereas ip u does not have to be faithful. Therefore, we have to go around 
it in another way. 



In section |5|, we lifted certain "-automorphisms from the reduced to the universal level. In the next part 
of this section, we will consider the reverse process and show that both processes are each other inverse. 



Therefore, consider "-automorphisms a, (3 on A u such that (a ® (3)A U — A u a. By proposition 11.3, there 
exists a strictly positive number r such that ip u a = r ip u and ip u (3 — r tp u . 

Define unitary operators u, v £ B(H) such that uA u (a) = r~ 3 A u (a(a)) and vA u (a) = r~i A u (/3(a)). 
Then 7r(a(a)) = uir{a)u* and n(/3(a)) = vTr(a)v* for every a G A. This implies immediately that 
uA r u* = A r and vA r v* = A r . 

Definition 11.4 Define the * -automorphisms a r and (3 r on A r such that a r (x) = uxu* and f3 r {x) = vxv* 
for every x G A r . 
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Then ira — a r it and tt(3 = /3 r n. This implies immediately that (a r ® f3 r )A r = A r a r . So we can use the 
results of section ||. 

Because 7ra = a r 7r, 7r/3 = (3 r 7r and <y9 u = (/J r 7r, we get also that ip r a r = rip r and <^ r [3 r = rip r . Using 



definition 10.2 , we see also that uA r (a) = r 2 A r (a r (a)) and vA r (a) = r 2 A r (/3 r {a)) for every a £ A/^,.. 
With the notations used above, we get the following lemma. 

Lemma 11.5 We have that (a ® i)(V) = (1 ® u*)F(l ® u) and (/3 ® t)(F) = (1 ® w*)F(l (8) u). 

Proof : Choose a, 6 G A and p, <? <E Ntp u - Then 

((a®<,)(y)(a® A„(p)),6® A„(q)) = a((y(a _1 (a) ® A„(p)), aT 1 ^) ® A u (q))) 

= a((a- 1 (a)^A u (p),V*(a- 1 (b)^A u (q)))). (a) 



Using proposition 10.20 , we get that A u (q)(a ® 1) belongs to Af L ® Vu and U*(a 1 (&) ® A u (q)) = 
( t ®A tl )(A tl ( (? )(a- 1 (6)®l)). 

So we see that ® l)A tl (g*)(a _1 (a) ®p) belongs to M L ® Vu and 

( t ® ^((a" 1 ^*) ® l)A u (g*)(a- 1 (a) ® p)) = (cT^a) ® A u (p), (t ® A tl )(A tl (g)(a" 1 (6) ® 1))) 

= (a- 1 (a)(g)A u (p),F*( a - 1 (6)®A„(g))) . 

Because ip u (3 = r ip u , this implies that (a ® /3)((a _1 (o*) (g) l)A u (g*)(a! _1 (a) ®p)) belongs to .M,,®^ and 

(6 ® ^)((o ® ^((a" 1 ^*) ® lJA^X" -1 ^) ®p))) 
= r a((i ® ® l)A„(g*)( a - 1 (a) ® p))) 

= r a((a- 1 (a) A»(p), V^a" 1 ® ® A u (g))» 
= r {(a ® t)(V) (a ® A u (p)), 6 A„(g)) 

where we used equation (a) in the last equality. 

Therefore, the equality (a u ® f3 u )A u = A„ a„ implies that (6* ® l)A„(a(g)*)(a ® /?(p)) belongs to A'tj,®^ 
and 

(t ® ¥>„)((&* ® l)A„(a(g-)*)(a ® /3(p)) = r ((a ® t)(V) (a ® A u (p)), 6 ® A„(g)) . (6) 
We have also that (3(p) and a(g) belong to M Vu and A„(/3(p)) = r2 uA„(p) and A u (a(g)) = ri uA u (q). 



Therefore, proposition 10.20 implies that A u (a(q))(b ® 1) belongs to A/" t ® v „ and 

(t ® A u )(A u {a(q))(b ® 1)) = U*(6 ® A„(a( 9 ))) = r* V*{1 ® u)(6 ® A„(g)) . 
This implies that 

® ip u )((b* ® l)A„(o(g)*)(a ® /?(p)) = (a ® A u (/3(p)), (t ® A u )(A u {a(q))(b ® 1))) 

= r ((1 ® v)(a ® A u (p)), V*(l ® u)(b ® A u (g))) = r ((1 ® u*)V(l ® u)(a ® A„(p)), b ® A u (g)} 

Comparing this with (b), we get that 

((a ® i)(V) (a ® A u (p)), 6 ® A u (o)) = ((1 ® u*)V(l ® u) (a ® A„(p)), 6 ® A„(g)) . 

So we see that (a ® t)(U) = (1 ® u*)V(l ® u). The other equality is proven in a similar way. 



Using this lemma and referring to results 5.16 and 5.20] , we get the following proposition 
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Proposition 11.6 Consider * -automorphisms a, (3 on A u such that (a eg) (3)A U = A u a. Then we have 
that (a r ) u = a and (f3 r ) u = ft- 

The next proposition is even easier to prove. 

Proposition 11.7 Consider * -automorphisms a, (3 on A r such that (a (8 (3)A r = A r a. Then we have 
that (a u ) r — a and {(3 u ) r = (3. 

This follows immediately from the fact that (a u ) r tt — tt a u — air (see result |5.22| ) and similarly for (3. 



We can now use the above results to prove some kind of uniqueness result. 

Proposition 11.8 Consider * -automorphisms a±, ct2, Pi, @2 on A u such that {a\ (8> f3\)A u = A u ax, 
[a.2 ® (32) A u = A u ct2 and irctx — na2- Then ct\ = ct2 and (3\ — fc- 

Proof : By the results above, we have *- automorphisms {a\) r , (ct2) r , ((3i) r and {(32) r on A r such that 
(«i)r 7r = 7rai, (a 2 ) r tt = va 2 , {[3i) r tt = 7r/3i and (/3 2 ) r 71" = 7T/?2- 

By assumption, we have that (cti) r 7r = Tia\ = ixct2 = {ot2) r t, which implies that (a\) r — (a.2) r - 



So, proposition 11.6 implies that a\ = ((oei) r ) u = {{a2) r )u — ct2- Because 

(ai (g) Pi)A u = A u a 1 = A u a 2 = (a 2 ® (3 2 )A U = (c*i ® f3 2 )A u , 

we get also that j3i = /?2- ■ 

Using the fact that x(i? u <E) R U )A U — A u R u , we get also the following result. 

Corollary 11.9 Consider * -automorphisms a\, ct2, P2 on A u such that {(3\ ®a\)A u — A u ai, 
(P2 <8> cs.2)A u = A u ct2 and ixu\ = 7rct2- Then ct\ — 012 and [3\ = /?2- 

We will now give a first application of these uniqueness results. 

Proposition 11.10 Consider * -automorphisms a and (3 on A u such that {[3 ® a)A u — a. 
Then a (a u ) t = {a u ) t a , (3 (er„) t = (a u ) t 13 and (3 (r„) t = (r u ) t (3 for every t g R. 

Proof : Fix i e R. Then there exist *-automorphisms a', (3' on A r such that a' tt — tt a and (3 1 tt = n (3 



(This follows from definition 11.4 and the use of the map R u )- Then {(3' ® a')A r — A r a'. 



From proposition 7.2 of ||], we get that a' (oy)t = (o"r)t ot' . So 

ua (a u ) t = a' (a r ) t tt = (a r ) t a' tt = tt {a u )t a ■ 
At the same time, we have that 

{(3 (T u ) t ® a (a u )t) A u = A u a (a u ) t and {i T u)t (3 ® (a u ) t a) A u — A u (a u ) t a 



Therefore, corollary 11.9 implies that a (a u )t — (o~ u )t oe and (3 (r„)t = (r u )t (3- 



We have also that (j3 ® [3)A U = A u (3. So we get in a similar way that (3 (a u )t = (o~ u )t (3- 

Proposition 11.11 Consider a * -automorphism (3 on A u such that (f3 <g> f3)A u — A u p. Then (3 R u 
Ruf3. 
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Proof : Again, we get the existence of a * -automorphism j3 r on A r such that /3 r 7r = tt (3. Then 
(/3 r ® f3 r )A r = A r (3 r , which implies that j3 r R r — R r (3 r by proposition 7.4 of 0. Hence n R u (3 R u — 
R r (3 r R r ir = /3 r ir = ir (3 . 

Because we also have that (R u (3 R U ®R U (3 R U )A U — A u R u f3 R u , we get that R U (3R U = (3 by proposition 
ITl ■ 



We want also to prove a version of proposition 7.5 of |J] on the level of A u . Again, we have to find a way 
around the (possible) non- faithfulness of ip u . 

The prove of the next result is completely analogous as the proof of lemma 7.11 of Q. 

Result 11.12 Consider an element x G M(A U ) such that A u (x) — x (g> 1 or A u (x) = 1 ® x. Then x will 
belong to C 1 . 



Proposition 11.13 Consider a unitary element v G M(A U ) such that A u (v) — v(£>v. Then there exists 
a strictly positive number A such that (cr„)t(u) = \ lt v for every t G R. Moreover, (r u ) 4 (w) = v for every 
t G R. 



Proof : Choose t G R. Because ((r u ) t ® (r„) t )A„ = A u (r„) t , we get that A u ((T u ) t (v)) = (r u )t{v) ® 
( T «)t(«)- 

Because (7r (g> 7r)A u = A r 7r, we have that A r (7r(w)) = 7r(u) ® 7r(w). Hence, proposition 7.5 of |)| implies 
that (r r )t(7r(t))) = ir(v). So we get that 7r((r u )t(^)) = (T r )t{n(v)) = ir(v). Hence, proposition 7.4 implies 
that (T u )t(v) = v. 
So we get that 

A u {v*(a u ) t (v)) = A u (v)*A u ((cr u ) t (vj) = (v* ® «*) ((r„) t ® (o- u ) t )(A„(u)) 

= (u* ® U*) ((r„) t («) ® (cr„) t (w)) = (v* (8) w*) (w ® (cr u ) t (u)) = 1 ® V*(a u ) t (v) . 

Therefore, the previous result implies the existence of a complex number At such that v*(a u )t(v) = X t 1, 
so (<7 u ) t {v) = X t v. 

We get easily the existence of a strictly positive number A such that A** = A f for every t G R. ■ 



The proof of the next result is completely analogous as the proof of proposition 7.7 of |J. 

Proposition 11.14 Consider a unitary element v in M(A U ) such that A u (v) =«®«. Then there exists 
a unique unitary element x G M(A) such that Tr u (xa) = vir u (a) and Tr u (ax) = ir u (a) v for every a G A. 
We have moreover that A(x) — x x. 

Using this proposition, the proof of the following result is also similar to the proof of proposition 7.8 of 

!• 

Proposition 11.15 Consider a unitary element v in M(A U ) such that A u (v) =v®v. Then R{v) = v* . 



Using these results about unitary elements, the proofs of the following two results can be copied from 
proposition 7.9 of § and 7.10 of g. 
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Proposition 11.16 Let a be a strictly positive element affiliated with A u such that A u (a) = a ® a. 
Then there exists a unique strictly positive number A such that (a u )t(a) = \ l a for every t G R. We have 
moreover that (r„) t (a) = a for every i£R and R u (a) — a" 1 . 



At the end of this section, we want to mention some interesting consequences of the uniqueness results 
in this section : proposition 11.8 and corollary 11. 9| . 



The first one follows immediately from proposition 11. £ 



Proposition 11.17 Consider t G 1R and let a be a * -automorphism on A u such that (a (g> a)A u = A u a 
and tt a = (r r ) t 7r. Then (r u ) t = a. 

The next consequence deals with the uniqueness of the modular group of (p u under some extra condition. 

Proposition 11.18 Consider a norm continuous one-parameter group a on A u such that tp u is KMS 
with respect to a and such that for every i £ R, there exists a * -automorphism pt on A u such that 
(fit <8> ctt)A u = A u a t . Then we have that a = a u . 

If ip u is KMS with respect to a, we have that n at — (cr r )t tt for every t e II (see pi). We know also 



that 7r (o~ u )t = (o~ r )t n for every (gM. Then the proposition follows immediately from corollary 11.9 



12 The modular function of the quantum group (A u , A u ) 

Consider the modular function S r of the quantum group (A r ,A r ) (see definition 8.2 of where it was 
denoted by S). Again, we want to transform this modular function of (A r , A r ) to a modular function of 
(A u , A u ). For this, we will use the results of section |7[ 

Let us fix t G R. Using proposition 8.6 of ||, we have that 8f is a unitary element in M(A r ) such that 

Arid?) = 6? ® S? . 

By definition fz!l] and proposition 7_A , we get a unique unitary element (S r t ) u in M(A U ) such that 



7r((a?) tt ) = and A„((^)„) = ® (#*) u (5) 



Using corollary 7.6, we have moreover for every uj G Bq{H) and t 6 R that 

(t ® u>)(V) (S r \ = (t ® 6- tt ^){V) (6) 

From this, we get that as usual the following results : 

1. We have for every a G A u that the mapping R — > A u : 1 1— > a (5£ )« is norm-continuous. 

2. The mapping R — > A/(A„) : 1 1— > (5* )« is a group homomorphism. 

Therefore, the following definition is justified. 

Definition 12.1 M^e define S u to be the unique strictly positive element affiliated with A u such that 
5% = [S r t ) u for every t G R. 
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Then 8 U is determined by the following two properties (see equation |^ and the remarks before it) 
Proposition 12.2 We have that A U (8 U ) = 8 U (£> 6 U and tt(8 u ) = 8 r . 

Also the following holds by equation ^ : 

Result 12.3 We have for every t £ R and uj £ B (H)* that (t <g> w)(V) 6% = (t ® £- i4 u><%*)(F). 
Corollary 12.4 We ftowe that V(8 U <8> 5 r ) = (1 <8> 5 r )V. 



The next proposition is an immediate consequence of proposition 11.16 



Proposition 12.5 We have for every < £ R that (T u ) t (S u ) — 8 U . Furthermore, R U (5 U ) — 8 U 1 . 



In proposition 8.17 of ||, we found that (<J r )t(8 r ) = v 4 5 r . As usual, we want to obtain this equation 
on the level of A u . 

Proposition 12.6 We have for every (eft that (o- u ) t (8 u ) = 8 U . 



Proof : Choose s e R. Take w £ B (H)*. Using result UJ and the formula after definition p.4 
get that 

(a u ) t ((i ® w)(V)) K) t (C) = Mt((* ® C) 

= (tr u )t((t ® = [i ® P it $T i *wd* , V- <t )(V) . 

By proposition 8.17 of H, we know that (a r ) t (5* s ) = ^ _ls * <5* s , which implies that V l *<5* s V~ 4 * = v~ %st S l r s . 
By proposition 7.9 of 0, we have also that (r r )-t(S~ zs ) — 8~ ls , which by corollary 9.21 of || implies 
that (K r ) t (5~ ts ) — 8~ lt (T r )^ t (o~r ts ) $r — &r ls ■ Remembering that K r is implemented by P, we get that 

pitfi-isp-it = § -i S _ 

So we see that 

(a u ) t ((L®oj)(V))(o- u )t(S i u s ) = v- ist (L®8- ls P lt uV- H 8™){V) . 



Using result 12.3) and the formula after definition 8.4 once more, this implies that 



® w)(V)) K) t (C) = v' lst (i ® P lt uV- u ){V) 5 i : = u- lst {a u ) t {{i ® u){V)) S» 

It follows that {(TuWtf) = v~ lst 5™. 
From this all, we get the desired equality. 

Corollary 12.7 We have for every t £ R that (o-' u )t(8 u ) = 8 U . 



The uniqueness results (proposition 11.8 and corollary 11. 9| ) will prove useful once again 



Result 12.8 We have for every a £ A u and t £ R that (c' u )t(a) — 8^ (a u ) t (a) 8 U %t and 
{K u ) t {a) = 5- it {T u U{a)8*. 
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Proof : Take t € R and define the *-automorphisms a and (3 on A u such that a(a) — S u * {<J u ) t {a) S u lt 

and /3(a) = 5% (K u ) t (a) 6~ lt for every a e A„. 

By proposition 9.9 of ||, we have for every a £ A u that 

n(a(a)) = n(6% (<r»)t(a) = S? {a r ) t {n{a)) 5"« = K) t (^(a)) = 7r((Ot(«)) . 



Using result 8.6, we have also for every a 6 that 

A u (a(a)) = A„(^ (a„) t (a) C 4 *) - (<**' ® £') ® (tf„) t )(A u (a)) ® = (a ® /3)A(a) 



On the other hand, we know by result |10.16 also that 



Hence, proposition ll.S implies that (o~' u )t = a and (r u )_t — P- The proposition follows. 



Again, tp u is absolutely continuous with respect to ip u and a Radon Nikodym derivative is given by S u . 

First, we need some notations. Consider a C*-algebra B and a KMS-weight T on B with modular group 
X. Let a be a strictly positive element affiliated with C such that there exists a strictly positive number 
A such that E t (a) = A* a for all t 6 R. 

Then it is possible to define the KMS-weight T Q = T(a? . a 3 ). For a precise definition, see |lC| ]. 

Proposition 12.9 FFe ftaue i/ie equality i/) u = {(p u )s u . 

Proof : Remember that tp u — ip r tt, tp u = ip r tt and tt(S u ) = 5 r . 
By theorem 9.18 of H, we know that ip T — (ip r )s r . Hence, 



Because tp u does not have to be faithful, the Radon Nikodym derivative is not uniquely determined. But, 
as before, imposing an extra condition on the Radon Nikodym derivative implies the uniqueness. 



Remember from proposition 11.16 that if a is a strictly positive element affiliated with A r satisfying 
A u (a) = a® a, there exists a strictly positive number A such that (<r„) t (a) = A* a for every t e R so 
that (ip u )a is defined. 

Proposition 12.10 Let a be a strictly positive element affiliated with A u such that A u (a) = a® a and 
(<Pu)a = ipu- Then a will be equal to S u . 

Proof : Becaue {<p u )s u = — [fu)a: we get that ir(a) = n(5 u ). Because moreover A u (a) = a® a 



and A U (S U ) — S u ® S u , proposition 7.4 implies that a = S. 



In the next part of this section, we will prove the universal variant of proposition 8.12 of ||. Remember 
from definition 8.13 of || that S z is defined on the algebraic level for every complex number z. 

Proposition 12.11 Consider a £ A and z S C. Then 7r„(a) belongs to T>(5*) and 5* Tr u (a) = ir u (8 z a). 
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Proof: Choose b,c £ A and put d = (t0<p)(A(c*)(l®6)). Then 7r u (d) = (i0WA(&),A(c))OO- By result 



12.3 , we have for every (eR that 

7r u (d)i* = (t®W S -« A (6),^ 4t A(c))(^) • 

Choose y eC. By the previous equality, lemma 8.8 of Q and definition 8.13 of P], we get immediately 
that ir u (d) 6^ is bounded and 



Using lemma 4.3 once again, we get that 



Tr u (d)Sl y = 7r„((i ©p)(A(c*<H(l(g) J-^h))) =7r u ((i©^)(A(c*)(<f H ®<f a )(l0 <*-*»&))) 
= 7r„((t V>)(A(c*)(l b)) S*») = TT u (d8 iy ) 



This implies for every p <E A and every igC that 7r u (a) 5^ is bounded and 7r„ (p) = ~n u (p 8 X 



So we find in particular that Tr u (a*)6* is bounded and n u (a*)5* = ir u (a*6 z ). This implies that ir u (a) 
belongs to D(5*) and 

6 z u 7r u (a) = (ir u (a*)6iy = n u (a*6*)* = ir u (6 z a) . 



So we get in particular that fi£ ir u (A) C ir u (A) for every ieR. Using this fact we can prove the following 
result in the same way as proposition 8.14 of ||. 

Proposition 12.12 Consider z eC, then the set ir u (A) is a core for 5*. 

Using the theory of regular C*-valued weights (see fl3fl), we get an analytic version of the algebraic 
equality (tp t)A(a) = tp(a) S where a is an element of A. (for used notations, see section 14. 3| ). 



The proof of the next proposition is the same as the proof of lemma 8.15 of ||. 

i 

Proposition 12.13 Consider a £ N Vu and b £ T>(6£ ). Then A(a)(l b) belongs to A/Lgn and 
<(A„ t)(A(a)(l &)), (A M t)(A(a){l b))) = ip u {a*a) (Sib)*(slb) . 



Theorem 12.14 Let y be an element in M.~^ u - Then A u (y) belongs to Ai Vu ®t, and 
(tp u i)A u {y) = <fu(y) 5 U - 



By definitions 14.16 and |14.17| , the previous proposition implies for every p £ A r ¥ , u that A u (p) belongs to 



Proof : We refer to section 14.3 for used notations. 
By definitions |14 16| and |14.17| , the previous proposil 
Af 9um , that V{5i) C D((A U t)(A u (p))) and that 

((A„0i)(A„(p))g,(A„0i)(A w (p))g) = (p u (p*p) ( a ) 

i 

for every q £ 2?(<5u )■ 



Fix c £ A/" Vu for the rest of this proof. Using theorem 10. 6| , we get the existence of a sequence (cn)^^ in 



A such that {■K u {c n ))'^ =l converges to c and (A„(7r„(c n )))^° =1 converges to A u (c). 
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Take b € A. By the previous part, we know already that n u (b) is an element of _D((A U t)(A u (c))). 



Take cc G £>((A U (g) t)(A u (c))). Using definitions |14.16| and |14.17 once more, we see that A„(c)(l (8) x) 
belongs to A/^tgu and (A„ (g t)(A„(c)(l <g a;)) = (A M t)(A„(c)) x. 

Take a£ A Then we have also that (ir u 7r u )(A(a)(l (g> 6)) belongs to and Af Vu ® L and 

(A„ (gi t)((7r M 7r u )(A(a)(l 6))) = (A„ i)(A„(7r tl (a))(l tt„(6))) = (A„ t)(A u (7r„(a))) 7r n (6) . 

By section 0, there exist e £ A such that A(a)(l 6) = A(a)(l 6)(e 1). 
We know that ir u (e) belongs to V{{a u )i) and that (cr u )i{-K u (e)) = n u (p^ 1 (e)). 
This implies that 

((A u t)(A„(7r„(a))) TT u (b), (A u l)(A u (c)) x) 

= ((A„ t)((7r u 7r„)(A(a)(l 6))), (A„ t)(A„(c)(l x))) 

= t)([A„(c)(l x)]* (ir u 7r u )(A(a)(l &))) 

= (<p„ t)([A„(c)(l x)}* (ir u tt„)(A(o)(1 6)) (7r„(e) 1)) 

= (ip u ^((^(p-^e)) 1) [A„(c)(l x)]* (tt u 7r„)(A(a)(l 6))) 

= (<p u t)((7r„( j o- 1 (e)) x*) A„(c*) (7r u 7r„)(A(a)(l &))) . (b) 

Notice that ■n u (p~ 1 {e))* x and 7r„)(A(a)(l 6)) belong to J\f Vu ®i- This implies that the sequence 

( (ip u t)( (nuip-^e)) x*) A u (7r u (c„)*) (7r u 7T„)(A(a)(l b)) ) )^° =1 

converges to 

i)( (nuip-^e)) x*) A„(c*) (ir u 7r u )(A(a)(l 6))). (c) 

We have also for every n G IN that (7r u ■K u ){{p~ 1 {e) l)A(c*a)(l b)) belongs to M Vu ® L which by 
result 14. 12| implies that 



(ip u l){ (TTuip^ie)) x*) A„(7r u (c„)*) (tt u 7T u )(A(a)(l 6)) ) 

= 0« t)( (! ® OK © 7r «)((P _1 ( e ) ® 1 ) A ( C >)(1 6)) ) 
= x* (y> u t)( (7r u 7 r„)(( / 9- 1 (e) l)A(c»(l 6)) ) 

= x* (ip 7r„)((p~ 1 (e) l)A(e*a)(l 6)) = x* (93 tt„)(A(c»(1 b)(e 1)) 

= x* (^0 7r„)(A(c»(l 6)) = (p(c» x*7r„((5 6) = (A„(7r tl (a)), A„( 7 r„(c n ))) x*7r„(<5&) 

were the algebraic version was used in the second last equality. This implies that the sequence 

( (tp u t)( (^(p-^e)) x*) A„(7r u (c„)*) (7r u 7r„)(A(a)(l b)) ))^° =1 

converges to (A„(7r„(a)), A u (c)) x*n u (Sb) . Combining this with (c), we see that 

(<p tl 0i)((7r ll ( j o" 1 (e))0x*)A tl (c*)(7r u 7 r u )(A(a)(l0 6))) = (A u (n u (a)), A„(c)) x*7r u (<5&) . 

Hence, equality (b) implies that 

((A u 0i)(A tl ( 7 r„(a))) 7r„(d),(A„ 0i)(A u (c))x) = (A u (w u {a)), A„(c)) x*7r u ((5&) . 

From this last equality, we get for every n £ IN that 

((A M 0t)(A ))) ir u (b),(A u ®i)(A u (c))x) = (A )),A„(c)) x*7r„((5d) . 
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We have chosen the sequence (c n ) c £L 1 in such a way that (A u (7r u (c n )))°^ 1 converges to A M (c) 
By equality (a), we have for every neN that 

||(A„ ® L)(A u (TT u ( Cn ))) TT u (b) - (A u g> i)(A u (c))) TT u (b)\\ 2 = WKMCn)) - A u(c)\\ 2 \\6i TT U 

This implies that the sequence ( (A„ (g t)(A M (7r tI (c„))) Tr u (d) )°^_ converges to (A u g> t)(A„(c)) n u (d). 
So we can conclude that 

((A u ® t)( A «(c)) 7T U (6), (A u ® t)( A «(c)) a) = (Au(c), A u (c)) cc*7r u (<$ 6) . 

This last equality implies immediately that (A u (g /,)(A u (c)) 7r u (6) belongs to D((A U (g 6)(A u (c))*) and 
that 

(A tl ®i)(A„(c))*((A u ®i)( A «(c))7Tu(&)) = (A„(c),A„(c)) 7r„((5&) = tp u (c*c) 6 u n u (b) . 
So we see that ir u (b) belongs to D((A U g t)(A„(c))*(A„ (g t)(A„(c))) and 



(A„(8)i)(A„(c))*(A„(g)t)( A »(c))7r u (6) = <p u {c*c) 8 U -K u (b) 



(d) 



Because £ u is affiliated to A u , we know that 1 + ip u (c*c) 5 U has dense range in A u . Because tt u (A) is a 
core for S u , this implies that (1 + (p u {c*c) 5 U ) tt u (A) is dense in A u . 

Hence, equation (d) implies that (l + (A u g t)(A u (c))*(A tl g) t)(A u (c))) ir u (A) is dense in A u . By the 
remarks after definition 14.17 and definition 14.18) , this implies that (A„ t)(A„(c)) is regular so A u (c) 
belongs to N Vv _®, 

Because of equation (d) and the fact that tt u (A) is a core of 5 U , we see that 

C (A„ g i )( A «(c))*(A ti <g t)( A «(c)) ■ 
But both are selfadjoint, so they must be equal. By definition 14.19| , we get that 

(ip u (g) t)( A «(c*c)) = (A„ g t)( A «(c))*(A u g) t)( A «( c )) = ^u(c*c) <5„ . 



13 The universal corepresentation of (A u , A u ) 

Remember from section [j] that we constructed an (algebraic) universal corepresentation X G M(AqA) for 
(A, A) in |Tij| . This element served as a link between corepresentations of (A, A) and *-homomorphisms 
on A. 

In this section, we will use this algebraic universal corepresentation to define a C*-algebraic universal 
corepresentation of (A U ,A U ). 

It is clear that everything we did for A, we can also do for A. So we will get a universal C*-algebraic 
quantum group {A Ul A u ) in the same way as we got the universal C*-algebraic quantum group {A Ul A u ). 
We will denote the canonical embedding from A into A u by tt u . We also define 7r as the unique *- 
homomorphism from A u into A r such that ttott u = n r . 

Remembering that X is a unitary element in M(A A), we can give give the following definition. 
Definition 13.1 We define the unitary element U in M(A U g A u ) in such a way that 

U (n u 7r tl )(x) = (n u 0jr H )(li) and (tt u tt u ) (x) U — (tt u tt u ) (x X) 

for every x £ A A. 
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Notice that we also have that (A0i)(X) = X13 X23 and (lQA)(X) = X12 X23 which implies the following 
result : 

Proposition 13.2 We have that (A ® l)(U) = U 13 U 23 and (1 A) (17) = 17 12 C7>3- 



The definition of 17 together with proposition 2.12 and proposition 4.9 will also immediately imply that 
(tt tt)(U) = W and (1 n)(U) = V. 

Consider v.w G H. 



In notation 4J3, we defined lj' v w G ^4* such that „,(x) = (7r(a;) u, w) for every x G v4 M . 
In a similar way, we define 6j' v w G A* such that „,(#) = (tHx) u, w) for every x G A u . 

Then we have the following equalities : 

Result 13.3 Consider a,b G A, iften £/ie following two equalities hold : 

L (l ® ^A(a),A( & ))( C/ ) = © ^)(A(6*)(1 a))) 

2- K.( a ),A(6) ®0(*7) =7r«(av&*) 
Proof : 

1. We get immediately that <i A , . A ^ = Wa(o),A(6) ^- So, using the fact that (i tc)(U) = V and 



lemma 4.3, we get that 



<7 ® ^A(a)A(b))( U ) = ® W A(a),A(6))((i ® 7r)(^)) 

= (t®W A (a),A(6))(V)=7r t ,((t0Vj)(A(6*)(l®o))) 



2. Choose c,d & A. Take G A. Then 

K(cd),A(6) ® 0(^0 *u(0) = « r(c ) A («0,A(6) ® O(^) 

= K(rf),A(6) ®0(^(T»(c) • 

Hence, the definition of 17 implies that 

K(c,i),A(fc)® 0(^)^(0) = K(d),A(6) ®l>)((Ku®K)(X(c®8))) 

= n u ((d<pb* Gi)(X(c®6))) (*) 

By result 6.8 of |ll), we know that (cdipb* t)(X) = cdipb*. Looking at remark 4.4 of jy], this 
means that 

t)(^(c 0)) = (cdipb* i)(X) 6 = (cdipb*) 6 
Substituting this in equation (*), we get that 

(^McdiMb) ® t)(U)n u (9) = n u ((cdipb*) 6) = n u (cdipb* ) tt u (9) . 

So we see that 

( w Lrf,A(6) ® ^(C 7 ) = nu(cd<pb*) . 
Now the equality follows because A 2 = A. 
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Corollary 13.4 We have the following two properties : 

1. We have that A u is a subset of the closure of { (i ® w)(Z7) | ^ G } wi M(A U ), 

2. We have that A u is a subset of the closure of { (tu l)(U) \ uj G A* u } m M(/l u ). 

Now we can prove easily the universality property of U (this kind of universality was introduced for 
compact quantum groups in JlTj]). 

Theorem 13.5 Consider a C* -algebra C and a unitary corepresentation U of (A u , A u ) on C. Then 
there exists a unique non- degenerate* -homomorphism 9 from A u into M{C) such that (t 9)(U) = U. 

Proof : Uniqueness follows immediately from the previous corollary. We turn to the existence. 



In proposition 7.10| , we got a dense *-algebra Cu of C such that U {tt u {A) Cu) = n u {A) Cu and 



(ir u {A) C u ) U = ir u (A) C u . 

We defined moreover in definition 7.11 the clement U G M(AqCu) such that (ir u l) (x) U — (tt u Ql)(xU) 
and U (ir u i)(x) = (tt u l){U x) for every x & AqCu. Then U is a unitary corepresentation of (A, A) 
on C u - 

In proposition 6.11 of |p"lf , we proved the existence of an algebraically non-degenerate * -homomorphism 
rj from A into M (C u ) such that (t rj)(X) = U. 

Combining lemma [O] and the universality property of A u , we get the existence of a unique non-degenerate 
*-homomorphism from A u into M(C) such that 9(it u (lo)) c = rj{u>)c and c9{t: u {lo)) = cq{uj) for every 
c G Cu and oj e A. 

Choose a G A, to G A and c G C . Then 

(l ® 6)(U) (Tr u (a) ® 9(tt u {u)) c) = (l<8> 6)(U(n u (a) ® tt u (uj))) (1 ® c) 

= (t(g>0)((7r„ ©7r„)(X(a(g>w))) (10 c) 

where we used the definition of [/ in the last equality. So we get that 

(i0 6»)(lO (7r„(a) 6»(tt u (w))c) = (vr„0?7)(X(a0w))(l0c) 

If we use the fact that (t »7)(^) = U, this implies that 

(t 6»)(J7) (7r u (a) 0(7r u (w))c) = (7r u t)(W(a r)(uj)c)) = U (ir u (a) n(uj)c) 

where we used the definition of U in the last equality. Using the fact that r]{A) Cu = Cu (which is dense 
in C), we get that 

{i®9){U)=U . 



So the previous theorem guarantees that the mapping which sends a non-degenerate * -homomorphism 
: A u — > M(C) into the corepresentation (i 9)(U), is a bijection between the set of non-degenerate 
*-homomorphisms from A u into M(C) and the set of unitary corepresentations of (A u , A u ) on C. 

In , A. Van Daele proved that we can identify (^4, A) and (A, A). In [|ll], we used this identification 
to prove that x(^0 is the universal algebraic corepresentation of (A, A). 

This will imply that x{U) can be used in the same way to get a bijection from the set of non-degenerate 
*-homomorphisms on A u and the set of unitary corepresentations of (A u , A u ). 
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14 Appendix: some information about weights 

In this section, we will collect some necessary information and conventions about weights and slicing with 
weights. 

14.1 Weights 

In this first section, we give some information about weights. The standard reference for lower semi- 
continuous weights is ||. We start of with some standard notions concerning lower semi-continuous 
weights. 

Consider a C*-algebra A and a densely defined lower semi- continuous weight <p on A. We will use the 
following notations: 

• M+ = { a G A + | Lp(a) < 00} 

• Af v — { a G A I tp(a*a) < 00 } 

• M v = span M+ = . 

A GNS-construction of ip is by definition a triple (H v , tt v , A v ) such that 

• H v is a Hilbert space 

• A v is a linear map from Af v into H v such that 

1. is dense in H v 

2. We have for every a, b e Af Vl that (A v (a), A v (b)) = ip(b*a) 
Because ip is lower semi-continuous, A v is closed. 

• tt v is a non-degenerate representation of A on such that 7T v (a) A v (b) — A v (ab) for every a € 
M(A) and b e Af v . (The non-degeneracy of -k v is a consequence of the lower semi-continuity of <p.) 

The following concepts play a central role in the theory of lower semi-continuous weights. 
Definition 14.1 We define the sets 

T v = { oj G A* + I lj < <f } 

and 

G v = {auj \ uj £ T v , a e]0,l[} . 

The advantage of Q v over JT^ is the fact that Q v is a directed subset of T v (under the normal order on 
A* + ) . A proof of this fact can be found in J18j or |28| . There is also proof for this fact for a slightly more 
general case in proposition 2.13 of 

The most important result concerning lower semi-continuous weights is the following one (proved in || ) . 
Theorem 14.2 We have for every x G A + that 

ip(x) = sup uj{x) . 

This can also be stated in terms of the directed set Q v as follows: 
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Proposition 14.3 Consider an element x G A + . Then 

1. The element x belongs to <^> The net (u>(x)j u ^g * s convergent in R + . 

2. If x belongs to A4^, then the net (o;(x)) w6 g converges to <f{x). 

Then we get immediately that the net (w(x))^ ee converges to p(x) for every x G 

Any lower semi-continuous weight <p has a natural extension to a weight on M(A). Remember that every 
we A* has a unique extension uj to M (A) which is strictly continuous and we put lo(x) = tJ(x) for every 
x e M (A) . 

Definition 14.4 We define the weight Tp on M(A) such that 

Tp(x) = sup oj(x) 

for every x G M(A) + . 

We define M v = M-^ and M v = Njp. For any x G M v , we put ip(x) = Tp{x). 

Proposition 14.5 Consider an element x € M(A) + . Then 

1. The element x belongs to <^> The net (uj(x)^ is convergent in R + . 

2. If x belongs to A4~^, then the net (o;(x))^ ge converges to p{x). 

As a consequence, we have for every x £ A4 V that the the net (ui(x)) converges to <p>{x). 

Consider a GNS-construction (H v , A„, tt v ) of a densely defined lower semi-continuous weight p. Then 
there is a natural way to get a GNS-construction of Tp : 

Proposition 14.6 The mapping A v : A — > H is closable for the strict topology on M(A) and the norm 
topology on H. We denote this closure by A v . Then {H v , A^, Jf v ) is a GNS-construction for Tp. 

In particular, we have that D{K V ) = 77 v and we put A lp (x) = A v (x) for every x G 77 v . 

Now, we will introduce the class of KMS-weights. All weights used in this paper, will belong to this class. 



For some more details, we refer to 1 10 



Definition 14.7 Consider a C* -algebra A and a weight (p on A, we say that p is a KMS-weight on A 
if and only if tp is a densely defined lower semi- continuous weight on A such that there exists a norm- 
continuous one-parameter group a on A satisfying the following properties: 

1. <p is invariant under a: pa t = ip for every t G R. 

2. We have for every a G T)(ai L ) that p(a*a) = p(a ±(a)a i(a)*) . 
The modular group a is called a modular group for p>. 
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If the weight p is faithful, then the one-parameter group a is uniquely determined and is called the 
modular group of <r. This is not the usual definition of a KMS-weight (see 0), but we prove in that 
this definition is equivalent with the usual one. 

In the next proposition, we formulate some basic properties of KMS- weights. Therefore, let A„, tt v ) 
be a GNS-construction for ip. 

Proposition 14.8 Consider a C* -algebra A, and a KMS-weight ip on A with modular group a. Then: 

1. There exists a unique anti-unitary operator J on such that JA v (x) — A v (ai(x)*) for every 

x e A/^ nl>((7i). 

2. Let a £ T>(a±) and x 6 Af v . Then xa belongs to J\f v and A v (xa) — JTT v (a±(a))* J A ip (x). 

3. Let a G 2?(<7_,;) and x G M^. Then ax and xo~^i(a) belong to M. v and (p{ax) = <p(xo~ -i(a)) . 



14.2 The tensor products of weights 

It the next part we will quickly say something about the tensor product of two KMS-weights. 
Therefore, consider two C*-algebras A and B. Let <p be a KMS-weight on A with modular group a and 
ip a KMS-weight on B with modular group r. 



Definition 14.9 We define the tensor product weight <p ® ip on A® B in such a way that 

(ip®ip)(x) = sup { (u> 9) (x) | uj G T V ,T} G T^,} 

for every x G (A B) + . Then (p (3 ip is a densely defined lower semi- continuous weight on A® B such 
that M v M^, C M v ^ and (ip tp)(a 6) = p>(a) ip(b) for a G M v and b G M^. 

Of course, this definition is also possible for lower semi-continuous weights and is done in |ll| ans |p8f . 

Consider now a GNS-construction (H v , A v , ir^) for p and a GNS-construction (H,p , A^, , ir^ ) for ^. 

Proposition 14.10 The mapping A v A^, : M v Nip —* H v iJ^, is closable and we denote the closure 
of it by A v A.0. Then (H v H^,A V A^, 7r v 7r^,) is a GNS-construction for ip -0. 

The closability of A v A^, is also true for lower semi-continuous weights. However the KMS-condition 
is used to prove the second part of this proposition (For this, it would also be sufficient that p and ip 
satisfy a weaker condition, the so-called regularity condition, see Jl8| and psfl). 

Using the results of fLOf , it is not so difficult to prove that ip ip is a KMS-weight on A B with a 
modular group a r defined in such a way that (o r) t = a t ®T t for every i e R. 

We would also like to mention that all of the results (except the lasr one) are also true in the case of 
so-called regular C*-valued weights (see section 8 of [|l3|). 



14.3 Slicing with weights 

In a last part we say something about slicing with weights. For a more detailed exposition, we refer to 



13 , [11 81 and 1281. The main reference is 1131] . A lot of the results cannot be found literally in |13j, mainly 



because we are in the very special case where t is a *-homomorphism. 

However, we believe this part of the appendix is readable without knowing the precise results of |ll| and 
that it gives a fairly good idea of the problems in |lfl . 
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The reader is encouraged to fill in the details of this appendix, knowing that the most difficult problems 
are resolved in Jl(| (mainly in section 7 and section 8). 

For the rest of this subsection, we fix two C*-algebras A and B and a KMS-weight p on B. Let 
{Hip, A v , tt v ) be a GNS-construction for p. 

Definition 14.11 We define the map i® <p from within (A® B) + into A + as follows: 

• We define the set A4^ v — { x £ (A® B) + \ the net ( (t uj)(x) ) weg is norm convergent 
in A} 



• The mapping i®p will have as domain the set M~^ v and for any x £ -M^^, we have by definition 
that the net ( (i oj)(x) ) uje g converges to (l ® <p)(x) . 

It is clear that A4^g,„, is a dense hereditary cone in (^4 B) + . Furthermore we define the following sets: 

1. We define the ideal — { x £ A ® B \ x*x belongs to }. 

2. We define the *-algebra M L ® V = span M+® v = A/^A/lg^. 

Of course, there exist a unique linear map ip from A4^ v to A which extend i ® p. 
For any x £ M L t^ v , we put (l p)(x) = ip(x). 

It is then clear that ( (l ® uj)(x) ) converges to (t <p)(x) for every x £ A4t,® v . 

We also have for every x £ A4 L ® V and 9 £ A* that (6 ® t)(x) belongs to A4 V and 

(p((6 ® i)(x)) = 0((t <p)(x)) . 

We are now going to describe some sort of GNS-construction for i® p. It is possible to prove that the 
mapping i A v from A J\f v into A H is closable (as a mapping from the C*-algebra A® B into the 
Hilbert-C*-module A ® H). We define i ® A v to be the closure of this mapping i A^,. 

It is also possible to prove that D(l ® A v ) is a subset of N L ® V and that 

(i ® p)(y*x) = ((i A v )(x), (i A v )(y)} 

for every x, y £ D(l ® A v ). 

All that is said about t ® ip until now goes through for lower semi-continuous weights (and can be found 
in jl8| and (2^]). Because we assumed that p is also KMS, we have also the rather non-trivial result that 
D{l ® A v ) — Af^gnp. This last result is also true if p would obey a weaker condition called regularity (see 

HI)- 

We have also that (i tt v )(x)(l A v )(a) = (l A v )(xa) for every x £ M(A B) and a £ A/",.®^. 
It is not difficult to check the following results. 

Result 14.12 Consider an element a £ M(A), then we have the following properties. 

1. We have for every x £ Af L <& v thatx{a®\) belongs to N L t^ v and (t A v )(x) a — (t A v ){x(a ® 1)). 

2. We have for every x £ A4.i <$ v that x{a ® 1) and (a ® l)x belong to A4 L ® V and that 

(t ® ip){x{a ® 1)) = (i ® ip){x) a and (l ® <p)((a ® l)x) = a(t ® p)(x) . 
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For the rest of this section, we have to rely on |L3j . 

We would like to have an extension of l ® <p to M(A ® B). This is done in the following way: 
Definition 14.13 We define the map I ® <p from within M(A ® B) + into M(A) + as follows: 

• We define the set M.^^ = (16 M(A ® B) + \ the net ( (t ® w)(a;) ) wee is strictly convergent 
inM(A)}. 

• TTie mapping i ® </j iot'ZJ Ziaue as domain the set and for any x 6 -M^^, we /iaue fry definition 
that the net ( (t ® w)(x) ) weg converges strictly to ( i<8> </?)(x). 

This definition is in fact not entirely correct because it depends on y> and not on i ® (p. It is possible to 
give a definition in terms of the mapping l ® <p and our definition would then be a proposition. 

We should also mention that the symbol i ® <p in means something different than is in this paper. In 
fact, i®ip in |l3| denotes the restriction of our map i ® (p to Al^^ n A + . This difference is however not 
fundamental. 

The next proposition reveals a nice feature about i ® ip. 

Proposition 14.14 Consider x € M(A ® -B) + . TTien a; belongs to A'f^g,^ if and only if the net 
( a*(i ® w)(x)a ) we g *s norm convergent for every a (z A. 

It is clear that Af^ v is a hereditary cone in M(A® B) + . Furthermore we define the following sets: 

1. We define the left ideal ~N L ® V — {x S M(A® B) \ x*x belongs to M. t9v }. 

2. We define the *-algebra M u ® v = span M t ® v — ~fl* L9tp ffi® ip ■ 

Of course, there exist a unique linear map ip from M. L ® V to M(A) which extend t® ip. 
For any x e M,,®^, we put (t ® </?)(x) = ip(x). 

It is then clear that ( (i ® ui)(x) ) converges strictly to (t ® <p)(x) for every x € Af t ® v . 

We also have for any x £ A^ng^ and ffe A* that (0 ® t)(x) belongs to AJ^ and 

<p((0 (g> = 0(0 ® <yj)(x)) . 

We want also to get something like a GNS-construction for l® <p. 

Notice that 1C(A,A ® H) can be turned into a Hilbert-C*-module by defining the scalar product on 
JC(A, A® H) in such a way that (x, y) — y*x for every x, y G /C(A, A <g> iJ). 

We can also define a mapping T from A® H into /C(A, A ® H) such that T(«) a = v a for every a 6 A 
and v £ A ® H . Then this mapping is a unitary transformation form A ® H to /C(A, ® 
We will use this mapping T to identify IC(A, A ® H) with A® H. 

So we can consider i ® K v as a closed linear mapping from N L ® V into K.(A, A ® H). 

One can prove that l ® A v is closable for the strict topology on M(A ® B) and the strong-*-topology on 
C(A, A ® H) and we denote this closure by i ® A v . 

So i ® A v is a strictly-strongly* closed linear map from within M(A ® B) into C(A, A ® H). 
We can prove (but this is not straightforward) that ~77 L ® V = D(l® A v ) . 
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For every x G A/" t ® v , we define (t ® A v )(x) = ( t ® A v )(a;), so (t <8> A v )(x) G C(A, A <8> iJ). 
We have moreover for every x, y G ~M L ® V that 

(t <8) y)(2/*x) = (i ® A v )(y)*(t A v )(x) 

We have also that (t <8> 7r ¥ ,)(x)(t ® A v )(a) = (t ® A v )(xa) for every x G M(A ® i?) and a G Af L ^ v . 
It is not difficult to check the following results. 

Result 14.15 Consider an element a G M(A), then we have the following properties. 

1. We have for every x G N \® v thatx(a®l) belongs to N \® v and (i<S> A y )(x) a = (l ® A v )(x(a ® 1)). 
FFe /iaue for every x G .Mio®^ that x(a ® 1) and (a ® l)x belong to M. L ® V and that 

(l <8> ip){x{a ® 1)) = <g> </?)(x) a and (t <g> <^)((a ® l)x) = a (t <g> </?)(x) . 

We would like to end this part with some remarks 

• Consider x G J7 L ® V , then (mS><£)(x*x) belongs to A if and only (i®A v )(x) belongs to fC(A, A (g> 

• Consider -£")+, then x belongs to -M^^ if and only if x belongs to and (t ® ip)(x) 
belongs to A + . 

We are also interested in extending i®<p even further and let it take values in the set of elements affiliated 
with A. 

Let x G M(A <g> B) and define the set 

D x = { a G A | x(a ® 1) G A/"^ and (t ® <p)((a* ® l)x*x(a ® 1)) G A} 

Then we have for every a £ A that a belongs to D x if and only if the net (a* (t ® cj)(x*x) a) weg is 
convergent in A. 

Definition 14.16 W^e define the set 

M® v = { x G M(A ® B) | D x is dense in A} 

Definition 14.17 Consider x G N L ®tp. Then we define the mapping (i® A v )(x) /rom Z) x into A®H as 
follows : Let a G Dx. T/ien we fcnow that x(a ® 1) belongs to J7 L ® V and (t ® A v )(x(a ® 1)) belongs to 
fC(A, A ® So i/iere exisis a unique element v £ A® H such that (t ® A y )(x(a ® 1)) 6 = w 6 /or euen/ 
o G A and we define (i ® A ¥ ,)(x)(a) = u. 

It is then possible to prove that (i® A y )(x) is a closed densely defined linear operator from within A into 
A® H such that (t ® A v )(x)* is densely defined. 

Definition 14.18 We define the set 

Jv/.®<p = { x G Nc® v | (i ® A v ,)(x) is regular } . 
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Definition 14.19 We define the set 

M+, v = {xe M(A ® B)+ | e K® v . 

For every x E -M-t®<p> we P u ^ ( L ® P)( x ) — { L ® A v )(a;5)*(i ® A v )(x?), so (t ® <p)(x) is a positive element 
affiliated with A. 

Consider y £ M(A ® B). Then one can prove that y € A/" t(8¥ , if and only if y*y 6 M-t® v an d we have hi 
this case that (t ® <p){y*y) = {t ® A v )(y)*(t ® A v )(y) 

It goes without saying that everything goes also through for the slicing <£> ® (,. 
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